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CYTOPLASMIC BEHAVIOR DURING DIVISION OF VACUOLATE 
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Communicated March 11, 1940 


The factors which determine the plane in which a meristematic cell 
divides must evidently be very important in controlling direction of 
growth and thus the development of form. In plant cells the orientation 
of the chromatic material, and particularly the distribution of the chromo- 
somes at metaphase, give an indication as to where the plane of nuclear 
division is to be. Little evidence has been obtained, however, from the 
structure of either nucleus or cytoplasm in early mitosis which indicates 


where the cell itself is to divide, although Bowen! and others have shown 
that in certain cells the chondriosomes assume a characteristic position 
with reference to the future axis of the mitotic figure. Most of the plant 
cells in which mitosis has been studied are relatively small ones, which are 
rich in cytoplasm, and in which large vacuoles are absent. Cells which are 
larger and strongly vacuolate and yet are still dividing, and which in the 
aggregate are perhaps even more numerous than the more “typically” 
meristematic cells, have been largely neglected by cytologists. A study of 
cytokinesis in such cells makes it clear that the plane of the next division, 
and indeed the exact location of the future cell wall, are indicated by the 
distribution of the cytoplasm at a stage much earlier than one where these 
facts can be determined from nuclear orientation. 

In such studies it is evidently necessary to observe cells in which the 
divisions are all in the same plane and in which the position of each new 
wall can therefore be predicted with some certainty. Such cells may be 
found in various parts of the plant, notably in the ‘‘rib’’ meristems of the 
young pith and cortex of the stem, where the divisions are all transverse 
to the axis. Even more favorable material is provided by the secondary 
meristems which are induced in fundamental tissue as a result of wounding. 
Here the new walls are all essentially parallel to the wound surface, and 
there is the added advantage that in the early divisions, at least, these new 
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division walls in adjacent cells are usually directly opposite each other, 
so that the future position of the wall in a dividing cell may often be pre- 
dicted very definitely. The cells are also relatively much larger than in 








FIGURE 1 


Semi-diagrammatic drawings of cell division in pith cells of Ricinus, which has been 
induced by wounding. The wound surface is parallel to the bottom of the page. A, 
resting stage; B, early prophase, enlarged nucleus migrating toward center of cell; 
C, prophase, showing beginning of formation of equatorial plasma strands; D, late 
prophase, with well developed phragmosome; E, metaphase; F, anaphase; G and 
H, telophases, showing development of young wall which follows the course of the 
phragmosome; J, two complete daughter cells. 


ordinary meristematic tissue, since fully grown cells become dedifferen- 
tiated and meristematic, and the processes of cell division, particularly cyto- 
kinesis, may thus be seen in them very clearly. 
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Transverse, radial and tangential sections through wound tissues in a 
number of plants were studied. In figure 1, A—J, are shown semi-diagram- 
matic drawings of nine stages in the division of large pith cells in Ricinus 
which had been induced to divide by wound stimulus. In every case the 
wound face, and thus the future direction of the wall, is parallel to the 
bottom of the page. 

In A is shown a typical differentiated cell, with the nucleus greatly flat- 
tened against the wall, cytoplasm small in amount and the bulk of the 
cell consisting of a large vacuole. The first effect of the wound stimulus, 
shown in B, is an increase in amount of cytoplasm, a rounding up and en- 
largement of the nucleus, and its ascent, on a column of cytoplasm, toward 
the center of the vacuole. Strands of cytoplasm begin to be thrown out to 
the wall. In C, the nucleus is now suspended in the vacuole by strands of 
cytoplasm. These are for the most part random in direction, but, from the 
very beginning of this stage, some are always present in the plane of the 
future wall. In D, a later prophase, these equatorial strands have be- 
come much heavier than the others and are now fusing at their bases. 
The nucleus is no longer spherical but is somewhat extended in the plane 
of its future division. Often at this stage there is one cytoplasmic strand 
passing upward and another downward at right angles to the plane of fu- 
ture division. E is the metaphase and F the anaphase of division, the 
nucleus now being suspended chiefly by the rather heavy cytoplasmic dia- 
phragm which marks the position of the future wall. Other strands have 
often entirely disappeared at this stage. In G, the phragmoplast at telo- 
phase is extending laterally, the cell plate being carried far beyond the 
limits of the original nucleus by kinoplasmic fibrils, in the manner described 
by Strasburger, Treub, Bailey and others,? the system in face view giving 
the appearance of a circle or “‘halo.”’ It is signficant that the course of the 
kinoplasmosome follows the equatorial diaphragm of cytoplasm established 
from early prophase, and that the developing cell wall which is being laid 
down in this way, and which finally reaches the wall of the mother cell, 
thus coincides in its position with the cytoplasmic plate. Before this 
process is completed the daughter nuclei (H) have usually returned to 
the resting condition. In J are shown the two daughter cells with the 
new wall between them, which occupies the position determined by the 
strands of cytoplasm very early in division. All the cells figured show an 
early division after wounding, and later cells are necessarily smaller, but 
they divide in the same way. 

An essentially similar cycle of mitotic changes was observed in wounded 
tissues of Tradescantia, Kalanchoe, Bryophyllum, Coleus, Phaseolus, Pe- 
tunia and Cucurbita. The results were entirely confirmed by direct 
observation of living dividing cells in hand sections from wounded regions. 

The distinctive feature of the mitotic process in vacuolate cells, where 
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the amount of cytoplasm is necessarily small in proportion to the size of the 
cell, is that this cytoplasm, from a very early stage in division, tends to 
become aggregated into a series of strands, sometimes anastomosing into a 
diaphragm, which occupies the position of the future wall and which thus 
indicates, considerably before the nucleus has done so, where the plane of 
division is to be. For this plate of cytoplasm the writers propose the term 
phragmosome. 

That the phragmosome maintains its original position from the earliest 
stages to final wall formation is indicated by the fact that in early divi- 
sions of wounded tissue, where the new walls form a continuous series 
so that the wall of one cell is exactly opposite that of the next, the phragmo- 
some is formed in the plane where the wall must ultimately be laid down. 
Evidence from plasmolyzed cells also shows that the phragmosome is 
firmly attached to the wall. 

A number of minor differences from the method here described may some- 
times be observed. Thus in many cases the nucleus remains at or near one 
wall during division, and then the phragmosome and the wall which fol- 
lows it are formed on only one side of the nucleus. Division is usually 
approximately equal, but it frequently happens that the nucleus and 
phragmosome take up a position nearer one end of the cell than the other, 
so that the two daughter cells are markedly unequal. The phragmosome 
and wall commonly lie straight across the cell but occasionally, especially 
when division is unequal or the nucleus lies near one corner, the partition 
may be curved from the start. 

Normal meristematic tissues, especially at the tip of stem and root, in 
which mitosis has chiefly been studied, are not favorable material for ob- 
servation of the phragmosome, since the cells and vacuoles are small. In 
tissues where the cells are still dividing but where rather large vacuoles have 
already appeared, as in regions some distance back from the growing point 
in the developing pith and cortex, or in the fundamental tissue of massive 
organs like the fruit, the plate of cytoplasm may readily be seen, and such 
cells divide in essentially the same manner as has been described for wound 
meristems. The phragmosome thus seems to be a characteristic feature 
of the division of cells which have rather large vacuoles, and a visible ex- 
pression of the polarity of such cells. 

The significance of the phragmosome lies chiefly in its indication that 
the factors which determine the plane of division of the cell act upon the 
cell as a whole and not upon the nucleus alone. From very early prophase 
the position of the new wall is visibly determined in the cytoplasm. Nu- 
clear orientation may not at first agree with this cytoplasmic orientation, 
for the equatorial plane of the figure often fails to lie parallel with the 
phragmosome; and it is thus evident, as has frequently been observed, that 
the figure is moving or rolling about in the cytoplasm. At telophase, 
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however, it always comes back to a position where the cell plate is parallel 
to the phragmosome. All this suggests that the establishment of the 
division plane may be effected first in the cytoplasm rather than in the 
nucleus. The phragmosome is also of significance in those problems which 
deal with the factors determining the relative position of cell walls in 
multicellular tissues. The question, for example, as to whether the new 
walls are oriented as liquid films would be, in response to surface tension, or 
whether quite different factors are here involved, will require a study of the 
forces acting upon the phragmosome from the beginning and not alone 
upon the growing wall which follows it. A function of the phragmosome is 
presumably that of providing the material from which the new wall is 
built, and it is therefore easy to understand why the developing wall should 
follow it so closely. 

The failure of cytologists to recognize such a conspicuous structure as the 
phragmosome is probably due to the fact that students of cell division have 
concerned themselves almost entirely with small cells having few or very 
small vacuoles. A recognition of the presence of such a structure occurs 
in two papers by Hanstein** in 1870 and 1880 which have been generally 
overlooked by later workers. Hanstein studied cell division in vacuolate 
dividing cells of the pith of various plants, and he figured and briefly men- 
tioned a plate of cytoplasm in the plane of cell division, but failed to realize 
its significance for cytology and development. 

Summary.—A study of cell division in vacuolate plant cells shows that 
from very early prophase the cytoplasm tends to become aggregated into 
a plate of more or less fused strands, the phraginosome, which occupies 
the position where the future cell wall will be formed. The fact that 
the entire cell body rather than the nucleus alone appears to be concerned 
in establishing the plane of division and the location of the new wall in 
plant cells is of general importance in problems of development. 


1R. H. Bowen, La Cellule, 39, 123-156 (1929). 

2 Described and literature cited in G. Tischler, Allgemeine Pflanzenkaryologie, Berlin 
(1921-1922). 

3 J. Hanstein, Sitzungsber. Niederrhein. Ges. Natur- und Heilkunde Bonn, Sitz., 19 
Dec. 1870. (Reprinted in Bot. Zeit., 30, 22-28, 41-46 (1872). 

4 J. Hanstein, Bot. Abhandlungen, 4 (2), 1-56 (1880). 
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FURTHER OBSERVATIONS ON THE MECHANISM OF INDUCED 
CHROMOSOME REARRANGEMENT IN SCIARA 


By C. W. Metz AND MARTHA LEE BOZEMAN 
DEPARTMENT OF EMBRYOLOGY, CARNEGIE INSTITUTION OF WASHINGTON 


Communicated March 11, 1940 


It has been shown in an earlier paper (by Metz and Boche)! that in 
oécytes of adult females of Sciara the chromosomes appear to be very 
“resistant” to irradiation, as judged by the difficulty of inducing chromo- 
some rearrangements. Whereas, in sperms rearrangements were readily 
obtained through irradiation, few if any rearrangements were secured by 
treating eggs. Since this result contrasted with those recorded from work 
on Drosophila it was suggested that the difference may be due to differences 
in mode of development of the odcytes in the two genera. In Drosophila 
all stages from odgonia to mature eggs may be found in one ovary, while in 
Sciara the oécytes develop synchronously and only relatively old odcytes 
are present in adult females. Preliminary observations on the chromo- 
somes of the latter suggested that at the time of treatment the chromo- 
somes were in a condensed condition ready or nearly ready for mitosis and 
that their physical condition at this time made them resistant to irradiation. 

The present account deals with an extension of the study, which leads to a 
different interpretation from that suggested previously. The results 
indicate that the chromosomes are “resistant” to irradiation for a much 
longer period than was formerly supposed, including a stage in which they 
are long and thread-like, and that it is probably lack of movement, rather 
than any special characteristic of the chromosomes themselves, which is 
responsible for the absence of chromosome rearrangements. 

One of the primary obstacles encountered in the earlier work was the 
difficulty of securing good cytological material, due to the well-known re- 
fractoriness of insect eggs. This difficulty has now been overcome to a 
considerable extent by the development of a new technique which makes 
possible a detailed study of the odcyte chromosomes. In the new proce- 
dure the nucleus (germinal vesicle) is removed from the egg and exposed 
directly to the fixative in a smear—thus securing almost instantaneous 
fixation and avoiding the processes of embedding and sectioning. This 
involves treating each egg separately, breaking it open and spreading the 
contents enclosing the nucleus with a rapid stroke of the needle, and apply- 
ing the fixative before the material has had a chance to dry. The present 
observations were made on such material, supplemented by whole mounts 
prepared by the Feulgen method formerly used for study of maturation and 
cleavage stages.’ 

Attention has thus far been given mainly to eggs of females less than ten 
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hours old. At this time the eggs are more favorable for study than they 
are later. Furthermore, it is known that this is a period during which the 
chromosomes are “‘resistant’’ to irradiation.* During the period in ques- 
tion the odcyte chromosomes are in a typical early to middle prophase 
condition. The tetrads are long slender threads, fairly uniformly spaced, 
extending about the nucleus near the periphery.‘ 

These findings seem to indicate that in the odcytes of Sciara typical 
prophase chromosomes are “‘resistant”’ to irradiation. Such a result stands 
in contrast to those reported from other organisms, in which the prophase, 
including the meiotic prophase, is one of the “‘sensitive’’ stages.> The ap- 
parent difference in susceptibility is difficult to explain. It is evidently 
not due, as previously suggested, to a condensed condition of the chromo- 
somes in Sciara. Neither does it seem to be due to the distance between 
the chromosomes. Measurements on fixed material indicate that the 
chromosome threads in the present case lie approximately one to two micra 
apart, with some regions occasionally even closer together. It seems im- 
probable that these distances are greater than are those at comparable 
stages in such organisms as Tradescantia where rearrangements are 
readily secured. 

Assuming that irradiation breaks the chromosome threads in Sciara as 
it appears to do in other organisms, the only plausible explanation for our 
results would seem to be that the broken ends fail to move enough to form 
new combinations. Some evidence on this point has been secured by 
cytological examination of the chromosomes during and subsequent to 
treatment. It is well known that one of the common effects of irradiation 
is a clumping of the chromosomes. The material was examined, there- 
fore, for evidence of clumping, which would, of course, be evidence of move- 
ment. At the same time the chromosomes were examined for evidence of 
visible breaks. 

For technical reasons radium was used as an agent® in this part of the 
investigation, and pupae instead of adults were treated. The radium dos- 
age’ is known from other tests to be effective in inducing rearrangements in 
sperms, and the chromosomes in late pupal odcytes are known to be similar 
in appearance to those of young adults (R. O. Berry, unpublished). 

Seventy-one nuclei were examined from preparations made during the 
treatment, after receiving from 3 to 4 gram hours.’ From each pupa two 
to four preparations were made. Fixation was effected in the first within 
five minutes, and in the last within fifteen minutes, after removal from the 
radium. In addition seventeen nuclei were examined from preparations 
made in the same way at the end of 30 minutes, and twenty-one nuclei 
from others made one hour after completion of the four gram hour treat- 
ment. 

The results of these observations may be summarized by saying that no 
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significant evidence of clumping or of breakage of chromosomes was 
detected. The chromosomes could not be distinguished from those in un- 
treated material.® 

Further data will be required before final conclusions can be drawn re- 
specting this point, but the evidence suggests that lack of chromosome 
movement is the main factor in preventing chromosome rearrangement 
here. If this is the case it is possible that rearrangements may be induced 
by raying eggs during the meiotic divisions, which probably occur at a 
later stage than any of those thus far used in our irradiation work. Such 
an interpretation may help to explain the findings of Patterson,’ who re- 
ports in Drosophila an increase in the frequency of rearrangements in old, 
as compared with young eggs. Experiments have been planned to test the 
viscosity of the nuclear contents during the stages under consideration 
in Sciara in the hope that this may also throw light on the question of 
movement. As already noted, the ‘‘prophase’’ condition of the chromo- 
somes persists here for a long time (probably three or four days or more) 
and there is presumably little movement during that period. The length 
of the period does not seem to be the significant factor, however, for in 
Tradescantia, where chromosome rearrangements are readily induced dur- 
ing prophase, the period is also of long duration (Sax).5 It seems probable 
that in the latter material irradiation acts on the nuclear constituents (by 
reducing the viscosity?) in such a way as to bring about clumping of the 
chromosomes, whereas in Sciara oécytes it does not. 

As mentioned in the earlier paper,' it might be suggested that rearrange- 
ments occur in the Sciara eggs, but are not recovered in the offspring be- 
cause the modified chromosomes are eliminated at meiosis. Such an ex- 
planation not only seems improbable, but is opposed by our present ob- 
servations. Examination of the oécyte chromosomes after irradiation has 
revealed no evidence of rearrangements. This is probably not due to 
difficulty of detecting rearrangements, for in odcytes carrying chromo- 
somes from rayed sperms rearrangements have been observed. 

Further comparison of our results on Sciara with those of other investi- 
gators on Drosophila is difficult at present because of the uncertainty as to 
what happens in irradiated odcytes of Drosophila. There appeared at 
first to be a wide divergence between conditions in the two genera, but the 
recent observations of Glass” in which he found no translocations following 
irradiation of Drosophila oécytes, suggest that “‘sensitivity”’ in Drosophila 
may not be as different from that in Sciara as the earlier records would 
indicate. 

No attempt will be made here to discuss the possible significance of our 
failure to find direct evidence of chromosome breaks in the treated odcytes. 
The result might be considered as favoring the ‘‘contact’’ hypothesis of 
chromosome rearrangement rather than that which assumes a breakage of 
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the chromosome threads followed by movement and subsequent union 
of free broken ends. On the other hand, however, the result may also be 
explained by assuming that only one or two chromatids of the tetrad are 
broken at any one point and that consequently the breaks are not visible, 
or that, with lack of movement, the broken ends quickly become re- 
attached. 


1 Metz, C. W., and Boche, R. D., these PROCEEDINGS, 25, 280 (1939). 

2 Schmuck, Louise M., and Metz, C. W., Science, 74, 600 (1931). 

3 This is shown by the earlier data, which came largely from females treated when 
less than twelve hours old, supported by more recent experiments of Metz and Lane (un- 
published). In the latter, virgin females were treated at various ages (each receiving 
5000 r of x-rays) and the salivary gland chromosomes of the F, larvae examined for re- 
arrangements. From females treated when less than three hours old 27 specimens 
were examined; from females treated at between 4 and 23 hours 12 were examined. No 
rearrangements were found. 

‘ Their appearance in the sectioned material previously used was presumably due to 
shrinkage of the nuclear contents during fixation. 

5 See, e.g., Sax, K., Genetics, 23, 494 (1938) and Ibid., 25, 41 (1940). 

6 The radium treatments were given by Dr. Fred West, of the Kelly Hospital, Balti- 
more, and the x-ray treatments by Dr. Louis B. Maxwell of the Bureau of Chemistry 
and Soils, U. S. Department of Agriculture, to both of whom we express especial appre- 
ciation. 

7 Three to four gram hours at 1 inch, through 2 mm. of brass, given within less than 
four hours. Preliminary experiments on males indicate that this is probably as effective 
as 5000 r of x-rays. 

8 It may be added that the salivary gland chromosomes have been examined from 
49 F, larvae from females which had been given 5000 r units of x-rays or 4 gram hours of 
radium during the pupal stage. Only one exhibited a rearrangement (a translocation). 

® Patterson, J. T., Genetics, 18, 32 (1933). 

10 Glass, H. B., Genetics, 25, 117 (1940). 


CONJUGATION OF THREE ANIMALS IN PARAMECIUM 
BURSARIA 


By TzeE-TuANn CHEN! 


DEPARTMENT OF ZOOLOGY, JOHNS HOPKINS UNIVERSITY; THE DEPARTMENT OF 

ZOOLOGY, UNIVERSITY OF CALIFORNIA AT LOS ANGELES; AND THE DEPARTMENT OF 

PROTOZOGLOGY, ScHOOL OF HYGIENE AND PuBLIC HEALTH, JOHNS HOPKINS 
UNIVERSITY 


Communicated March 6, 1940 


In Paramecium bursaria, in addition to the usual pairs, three animals 
may conjugate.” Nuclear changes occur in all of the three conjugants. 
Conjugation of three animals in P. bursaria is of more than cytological 
interest because it throws light upon some physiological aspects of con- 
jugation in Paramecium. 
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The present study was made chiefly on two races of P. bursaria—McD3 
and Fd—although three animals in conjugation have also been observed 
in matings of a number of other races of this species.? These two races 
(McD; and Fd) which belong to two different mating types in group II are 
particularly favorable for the present study because of the regular, marked 
differences in the size and in the staining capacity of the micronucleus. 
McD; (collected from the vicinity of Baltimore) has a relatively large 
micronucleus which stains deeply with haematoxylin and contains a rela- 
tively large quantity of chromatin (Fig. 1). The pronuclei of this race are 
also large and stain deeply (Fig. 7). Fd (collected also from the vicinity 
of Baltimore) has a relatively small micronucleus which stains rather 
lightly and contains a small quantity of chromatin (Fig. 2). The pronuclei 
in this race are also small and stain lightly (Fig. 7). Because of these 
differences between the two races all of the three conjugants can be easily 
identified. It is also possible to ascertain whether the third conjugant is 

attached to a conjugant of the same 
race or to a conjugant belonging to the 
other race, and to ascertain whether 
an exchange of pronuclei occurs be- 
tween the third conjugant and the con- 
jugant to which it is attached. 

Under appropriate conditions, ani- 
mals belonging to these two races will, 
when they are mixed, immediately 


A B agglutinate and soon form pairs. In 
FIGURES A AND B addition to the usual pairs, three ani- 

Two types of association of three malsin conjugation have been regularly 
conjugants. found in mixtures of these two races. 


In a mixture containing a very large 
number of animals of each race several hundred ‘‘threes’’ may be found.‘ 
In the present study these ‘‘threes’’ were isolated some time before fixation 
and they were never mixed with the conjugating pairs during the process of 
fixation and subsequent staining. By isolating these conjugating ‘‘threes”’ 
from a single very large mixture and fixing a number of them every two 
hours during the entire period of conjugation (with subsequent staining) 
it was possible to trace the successive nuclear changes during conjugation 
of three animals and to determine the approximate time intervals between 
the different stages. In the present investigation this has been done. 
Other preparations were also made of ‘‘threes’’ which were isolated from 
other mixtures made at different dates which may be far apart. One or 
more sets of slides were made of the conjugants (‘‘threes’’) from each mix- 
ture, each set containing animals which were fixed at one time. From the 
same mixture a number of ‘‘threes’’ may be fixed about six hours after onset 











VoL. 26, 1940 GENETICS: T. T. CHEN 233 








FIGURES 1-4 
For description see page 236. 











FIGURES 5-8 
For description see page 236. 

















FIGURES 9-11 
For description see pages 236-237. 
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DESCRIPTION OF PLATES 
FIGURES 1-11 


Conjugation of three animals in Paramecium bursaria. Schaudinn’s fluid, Heiden- 
hain’s hematoxylin. All drawings X 547. 

Figure 1. P. bursaria. Race McD3, showing the relatively large, darkly stained 
micronucleus in the resting stage. 

Figure 2. P.bursaria. Race Fd, showing the relatively small, lightly stained micro- 
nucleus in the resting stage. 

Figure 3. Very early prophase of first pregamic division. The three conjugants can 
be identified by the size of the micronuclei and the quantity of chromatin they contain. 
Of the two anterior conjugants, the one on the left is McD;. Note its relatively large 
and darkly stained micronucleus. The anterior conjugant on the right is Fd which has 
a relatively small, lightly stained micronucleus. The third conjugant is also Fd, being 
attached to McD;. The micronucleus in each conjugant is considerably swollen. 
About 6 hours after onset of conjugation. 

Figure 4. Early prophase of first pregamic division. Crescent-shaped micronuclei. 
Note the great difference between these two races in the quantity of chromatin contained 
in the micronucleus. Of the two anterior conjugants, the one on the left is McD3. 
Note the relatively large quantity of chromatin in the crescent-shaped micronucleus. 
The anterior conjugant on the right and the third conjugant belong to race Fd. Note 
the relatively small quantity of chromatin in their micronuclei. About 11!/, hours 
after onset of conjugation. 

Figure 5. Late prophase of first pregamic division. Note the great difference 
between these two races in the number of chromosomes. Of the two anterior conjugants, 
the one on the left is Fd which contains apparently about eighty chromosomes. The 
anterior conjugant on the right is McD; which contains several hundred chromosomes. 
The third conjugant also belongs to race Fd. About 191/: hours after onset of conju- 
gation. 

Figure 6. Anaphase of third pregamic division. Note the difference between the 
two races in the size of the micronucleus. The anterior conjugant on the left belongs 
to Fd, so does the third conjugant. They each have a relatively small micronucleus. 
The anterior conjugant on the right is McD ; which has a relatively large micronucleus. 
In the cytoplasm of each of the three conjugants there are two degenerated micro- 
nuclei. About 291/; hours after onset of conjugation. 

Figure 7. Beginning of exchange of pronuclei. Of the two anterior conjugants, the 
one on the left is Fd. It contains two relatively small and lightly stained pronuclei. 
The anterior conjugant on the right is McD, which has two relatively large and darkly 
stained pronuclei. The third conjugant is Fd. In the third conjugant the migratory 
pronucleus moves to the vicinity of the mouth region even though the third conjugant 
does not make contact at the oral region with another conjugant. About 30!/, hours 
after onset of conjugation. 

Figure 8. After the exchange of pronuclei. Exchange occurs only between the two 
anterior conjugants and never between the third conjugant and the conjugant to which 
it is attached. After the exchange of pronuclei each anterior conjugant possesses two 
pronuclei different in size and in staining capacity. The third conjugant which is Fd 
retains both small pronuclei. About 28'/, hours after onset of conjugation. 

Figure 9. Formation of syncaryon. The syncaryon in one anterior conjugant re- 
sembles that of the other anterior conjugant. Autogamy in the third conjugant. 
The two pronuclei in the third conjugant are, in the present instance, not yet completely 
fused. Complete fusion of pronuclei in the third conjugant has been observed in some 
other ‘‘threes.” About 30!/2 hours after onset of conjugation. 
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Figure 10. Anaphase of first division of syncaryon. The two nuclei in the anterior 
conjugants are much larger and contain many more chromosomes than the nucleus in 
the third conjugant. About 30!/2 hours after onset of conjugation. 

Figure 11. After the first division of syncaryon. One of the two daughter nuclei in 
each conjugant has degenerated. The remaining nucleus will divide twice before the 
conjugants separate. Note that the nucleus in the third conjugant is smaller than the 
nucleus in either anterior conjugant. About 311/: hours after onset of conjugation. 





of conjugation, another group of ‘‘threes’’ fixed about twelve hours after 
onset of conjugation, etc. The time intervals between the onset of con- 
jugation and the time of fixation are known for all the material used in the 
present study. 

There are several ways in which the three animals conjugate (Figs. A 
and B). Usually two of the three conjugants form an ordinary conjugating 
pair while the third conjugant attaches itself to the posterior part of one of 
these conjugants (Figs. B, 3-11). The third conjugant is usually at- 
tached to a conjugant belonging to a different race. The contact area be- 
tween the third conjugant and the conjugant to which it is attached is 
usually small, sometimes very small. 

Nuclear changes takes place in all of the three conjugants and at about 
the same speed as those in ordinary conjugating pairs of these races.® 
In many cases the nuclear changes are synchronous in all three animals, 
but often the nuclear events in the third conjugant lag behind. The 
single micronucleus in each conjugant undergoes three pregamic divisions 
(Figs. 3-6), resulting in the formation of two pronuclei (Fig. 7). These 
pregamic divisions are the same as those which occur in ordinary conjugat- 
ing pairs. The first pregamic division is a very long process involving com- 
plicated changes. One of the two products of the first pregamic division 
degenerates, leaving one micronucleus which undergoes the second pre- 
gamic division. The second pregamic division requires a relatively very 
short time for its completion. One of the two products of the second pre- 
gamic division degenerates, leaving one micronucleus which undergoes the 
third pregamic division. This last pregamic division which also occurs 
rapidly gives rise to two pronuclei, one of which becomes migratory, the 
other stationary. 

Exchange of pronuclei takes place only between the two anterior con- 
jugants (Figs. 7, 8), never between the third conjugant and the conjugant 
to which it is attached. Such an exchange, if it had occurred between 
the third conjugant and the conjugant to which it is attached, would have 
easily been detected because of the difference in the size and staining ca- 
pacity of the pronuclei between the two conjugants. It is particularly 
interesting to note that in the third conjugant there is also a differentiation 
of the two pronuclei into migratory and stationary pronuclei even though 
there is no exchange (Figs. 7, 8). The two pronuclei may exhibit differ- 
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ences in shape or in behavior or in both (Fig. 7). The migratory pro- 
nucleus in the third conjugant also moves to the vicinity of the mouth 
region just as if a conjugant were attached to that part of the body (Fig. 7). 
A bulge appears at this region of the body when the migratory pronucleus 
is against the cell membrane (Fig. 7). I have not observed a single case 
in which the migratory pronucleus in the third conjugant breaks through 
the cell membrane. Since there is no conjugant attached to the oral re- 
gion, such a migratory pronucleus would probably be lost of it did break 
through. Instead the migratory pronucleus of the third conjugant later 
fuses with the stationary pronucleus in the same conjugant to form a 
syncaryon (Figs. 8, 9). Autogamy thus occurs in the third conjugant. 
The syncaryon formed in the third conjugant (if it is an Fd) is much 
smaller than those in the other two (Figs. 9, 10). The syncaryon in each 
of the three conjugants undergoes three divisions (Figs. 10, 11) before the 
animals separate, as is the case in ordinary conjugating pairs. 

Three facts concerning the behavior of pronuclei in conjugation of three 
animals seem to be significant: (1) As far as present observations go, the 
migratory pronucleus of the third conjugant never moves to the area of 
contact with the adjacent conjugant; (2) in the latter conjugant the mi- 
gratory pronucleus, similarly, never moves to the area of contact with the 
third conjugant; (3) the migratory pronucleus of the third conjugant always 
moves to the vicinity of the mouth region as if a conjugant were attached to 
that region of the body. These facts seem to indicate that the path of the 
migratory pronucleus is predetermined. 

The results of the present study show that: 

(1) Contact between two conjugants at a small or even a very small 
region of the body is sufficient to initiate the usual nuclear changes accom- 
panying conjugation in Paramecium. 

(2) The path of the migratory pronucleus seems predetermined. 

Details of the present investigation will be published elsewhere. 


1 Research Associate in Protozoédlogy, School of Hygiene and Public Health, Johns 
Hopkins University. 

2 The word “conjugation” is here used to indicate the association of two or more 
individuals which results in the formation of gametic nuclei, irrespective of whether or 
not there are any interchanges of gametic nuclei between the joined individuals. 

3 I am greatly indebted to Prof. H. S. Jennings for the races of P. bursarta used in the 
present investigation. For genetical data on the two races of P. bursaria—McD; and 
Fd—see Jennings, Genetics, 24, 202-233 (1939). 

4 A set of three animals in conjugation is to be called a ‘‘three”’ in contradistinction toa 
pair. 

5 In a number of cases the nuclear changes in the third conjugant appear to be ab- 
normal. 
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POLYPLOIDY IN PARAMECIUM BURSARIA 
By TzE-TuAN CHEN 


DEPARTMENT OF ZOOLOGY, JOHNS HOPKINS UNIVERSITY, AND THE DEPARTMENT OF 
Zo6vtoGy, UNIVERSITY OF CALIFORNIA AT LoS ANGELES 


Communicated January 11, 1940 


Although polyploidy is a very rare phenomenon among animals, it is 
commonly found in Paramecium bursaria. The present note is the first 
report of polyploidy in Paramecium. 

P. bursaria—the green Paramecium—can be easily recognized because of 
the presence of symbiotic green algae in the cytoplasm. It has typically a 
single micronucleus of the ‘“‘caudatum type.’ Jennings! distinguishes 
three groups of animals in P. bursaria. Members of one group will not 
conjugate with members of any other group. In each group there are a 
number of diverse mating types. In group I there are four mating types, 
in group II eight mating types and in group III four mating types. Animals 
belonging to the same mating type will not conjugate with each other but 
they will conjugate with animals of any other mating type within the same 
group. 

Chromosomes were examined in ten races of P. bursaria belonging to 
group II collected from Maryland, North Carolina, Rhode Island and 
California.? It was found that in one race (Fd) the chromosome number 
is apparently about eighty, while in each of the other nine races (McD3, 
Gr6, Gr14, Fb, Fl, Watl6, HV1, Cal, JH8) the chromosome number at the 
same stage is very much greater, running up to several hundred. 

The size of the micronucleus in these ten races of P. bursaria is correlated 
with the number of chromosomes (figure 1). The race (Fd) which has a 
relatively small number of chromosomes has a small micronucleus which 
stains lightly and contains a small quantity of chromatin, whereas each of 
the nine polyploid races possesses a large, darkly staining micronucleus which 
contains a relatively large quantity of chromatin. The macronuclei in 
these races, on the other hand, are quite similar in size. 

A probable explanation of this increased number of chromosomes is the 
occurrence of polyploidy, resulting from fusion of more than two pronuclei 
during conjugation. Evidence for this is the presence in the writer’s ma- 
terial of a number of conjugants with three or four pronuclei. Cases have 
been observed in which these three or four pronuclei fused to form a syn- 
caryon. In such conjugation the number of chromosomes is increased. 
The races with very large numbers of chromosomes possibly show the ac- 
cumulated effects of several conjugations of this unusual type, which have 
occurred at various times in the past. The origin of this increased number 
of pronuclei in a conjugant probably lies either in (1) failure of one of the 
two products of the first or second pregamic division to degenerate, (2) 
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conjugation between a normal animal with one micronucleus and an animal 
with two micronuclei or (3) failure of the migratory pronucleus in one of the 
conjugants to migrate to the other conjugant. Hence in the one conjugant 
there are three pronuclei which appear to fuse (giving rise to polyploidy) 
and in the other conjugant there remains only the one stationary pro- 


nucleus. 
6 


Fd McD3 Gr 














FIGURE 1 
Micronuclei (resting stage) in six races of P. bursaria. 
The micronucleus in each race shows a characteristic size. 
Schaud. fl., Heid. haemat. X 1640. 


Polyploidy may also occur in P. caudatum judging from the report of 
Calkins and Cull* and the recent paper of Penn.* Penn claims that the 
diploid number in his race of P. caudatum is approximately 36 while Calkins 
and Cull found more than 150 chromosomes in their race of P. caudatum. 
If these two reports are accurate, they suggest polyploidy in P. caudatum. 


1 See Jennings, H. S., Genetics, 24, 202-233 (1989). 

2 I am greatly indebted to Prof. H. S. Jennings for these races of P. bursaria. 
3 Calkins, G. N., and Cull, S. W., Arch. Protist., 10, 375-415 (1907). 

4 Penn, A. B. K., Jbid., 89, 45-54 (1937). 
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EVIDENCES OF EXCHANGE OF PRONUCLEI DURING 
CONJUGATION IN PARAMECIUM BURSARIA 


By TzE-TUAN CHEN 


OSBORN ZOOLOGICAL LABORATORY OF YALE UNIVERSITY, AND THE ZOOLOGICAL 
LABORATORY OF JOHNS HOPKINS UNIVERSITY 


Communicated January 11, 1940 


The problem of exchange of pronuclei during conjugation in Paramecium 
is of special importance from the standpoint of the genetics of these Pro- 
tozoa. It has generally been assumed that such an exchange occurs during 
conjugation, but this has recently been questioned by Diller! and Wichter- 
man.” Diller observes no exchange of pronuclei in P. trichium. 
Wichterman maintains just the opposite with respect to the same species. 
The latter also maintains that there is no exchange of pronuclei in P. 
caudatum. 

Among the races of P. bursaria examined by the writer, some races show 
regular differences in the staining capacity and in the size of the micro- 
nucleus. In one particular race most of the animals have no micronuclei. 
These races were collected from Maryland and North Carolina and furnish 
most of the material used in the present study.* Preliminary studies on this 
problem of exchange of pronuclei were, however, made on races of P. 
bursaria which the writer collected from Virginia. 

Under appropriate conditions, individuals belonging to different mating 
types (in the same group) will immediately agglutinate when mixed and 
soon form pairs. In such a mixture the progress of nuclear changes in all 
the pairs is quite uniform, especially in the earlier stages of conjugation. 
By fixing these conjugating pairs every hour (with subsequent staining) 
it was possible to trace with considerable accuracy the successive nuclear 
changes during conjugation and the time intervals between these different 
stages. Such successive nuclear changes and time intervals have now 
been worked out for P. bursaria. The time intervals between the onset 
of conjugation and the time of fixation are known for all the material used 
in the present investigation, excepting the material used in the preliminary 
study. 

Conjugation in P. bursaria was obtained between animals with and with- 
out micronuclei, between animals with large and animals with small micronu- 
clei and between animals with darkly staining and animals with lightly 
staining (‘“‘ghost’”’) micronuclei.* During conjugation the micronucleus in 
each conjugant undergoes three pregamic divisions. After the first division, 
one of the two micronuclei degenerates. The remaining micronucleus 
undergoes the second pregamic division, giving rise to two micronuclei. 
One of the two daughter micronuclei degenerates, leaving only one micro- 
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nucleus which undergoes the third pregamic division. This last pregamic 
division gives rise to two pronuclei. Animals with large micronuclei pro- 
duce large pronuclei; animals with small micronuclei produce small pro- 
nuclei; animals with darkly staining micronuclei produce darkly staining 
pronuclei; animals with “ghost” micronuclei produce “ghost’’ pronuclei. 
Amicronucleate conjugants produce no pronuclei. Because of these regu- 
larly distinguishing characteristics, it is possible to recognize the pronuclei 
belonging to different conjugants and to prove their exchange. These races 
of P. bursaria are thus ideal material for experimental studies of the ex- 
change of pronuclei. The following description is a brief report of the 
results of these experimental studies. 

1. Conjugation between Animals with Large Micronuclet and Animals 
with Small Micronuclet.—Race McD; has a characteristically large, darkly 
staining micronucleus containing a large quantity of chromatin. Race Fd 
has a characteristically small, relatively lightly staining micronucleus con- 
taining a small quantity of chromatin. Conjugation is readily obtained 
between these two races. During conjugation McD; produces two large, 
darkly staining pronuclei, whereas Fd produces two small, relatively lightly 
staining pronuclei. Thus the exchange of pronuclei is easily demonstrated. 
After the exchange, the two pronuclei in each conjugant (different in size, 
staining capacity and in quantity of chromatin) fuse to form a syncaryon. 

2. Conjugation between Animals with Darkly Staining Micronuclei and 
Animals with ‘‘Ghost’’? Micronuclei.—Race Grl4 has a characteristically 
large, darkly staining micronucleus. Race S contains some animals with a 
“ghost”? micronucleus and other individuals without micronuclei. Con- 
jugation is readily obtained between these two races. In conjugation be- 
tween a Grl4 individual and an S individual with a ‘‘ghost” micronucleus, 
the former produces two large, darkly staining pronuclei while the latter 
produces two “ghost” pronuclei. In such a mating an exchange of pro- 
nuclei occurs, after which each conjugant contains one darkly staining and 
one ‘‘ghost’’ pronucleus, respectively. 

3. Conjugation between Animals with Micronuclei and Animals without 
Micronuclet.—Race Gr14, as stated in the previous paragraph, has a charac- 
teristicaily large, darkly staining micronucleus. Most of the individuals 
belonging to race S are without a micronucleus. Conjugation is readily 
obtained between races Gr14 and S (without a micronucleus). In conjuga- 
tion these amicronucleate animals produce no pronuclei. In Grl4 two 
large, darkly staining pronuclei are formed in each conjugant. In most 
cases one of the two pronuclei in Grl14 is transferred to the amicronucleate 
S.5 After the transfer, each conjugant contains but a single pronucleus 
which later behaves like a syncaryon. 

4. Conjugation between Animals with Similar Micronuclei—In my 
preliminary study of the conjugation of P. bursaria, animals collected from 
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Virginia were used. All these animals have similar micronuclei. During 
conjugation the pronuclei in the two conjugants are alike. Under such 
circumstances evidence of. exchange of pronuclei was less convincing 
although there were many pairs in which an exchange evidently occurred. 
The migratory pronucleus was usually slender, the stationary pronucleus 
relatively short and broad. In many cases, the migratory pronuclei were 
observed crossing from one conjugant to the other. 

Exceptional cases found in the conjugation between animals having 
similar micronuclei further strengthen the evidence of exchange of pronuclei 
in P. bursaria. There is usually a simultaneous movement toward each 
other of the two migratory pronuclei in the two conjugants, but there are a 
few exceptional cases in which the movement is not simultaneous. One 
pronucleus completes its migration by the time the other begins. Such a 
behavior gives rise to pairs in which one conjugant appears to have three 
pronuclei whereas the other has one, clearly indicating that an exchange of 
pronuclei takes place during conjugation in P. bursaria. 


1 Diller, W. F., Anat. Record (supp.) 60, 92-93 (1934). 

2 Wichterman, R., Biol. Bull.,'73, 396-397 (1937); Id., [bid., 75, 376-377 (1988). 

3 I am greatly indebted to Prof. H. S. Jennings for these races of P. bursaria. 

4 See Woodruff, L. L., Quart. Jour. Micros. Sci., 74, 537-545 (1931). 

5 In some cases the two pronuclei in Gr14 remain in the same conjugant and fuse to 
form a syncaryon. 


CONJUGATION IN PARAMECIUM BURSARIA BETWEEN 
ANIMALS WITH VERY DIFFERENT CHROMOSOME 
NUMBERS AND BETWEEN ANIMALS WITH AND 
WITHOUT MICRONUCLEI 


By TzE-TuAN CHEN 
ZOOLOGICAL LABORATORY, JOHNS HOPKINS UNIVERSITY 
Communicated January 11, 1940 


(1) Conjugation between Animals with Very Different Chromosome Num- 
bers —In Paramecium bursaria different races may have very different 
chromosome numbers. A study of ten races of P. bursaria shows that in 
one race (Fd) the chromosome number is apparently about eighty while in 
each of the other nine races the chromosome number is very much greater, 
running up to several hundred. A probable explanation of this increased 
number of chromosomes is the occurrence of polyploidy.! 

Races of P. bursaria with very different chromosome numbers can con- 
jugate with each other, for example, the two races—McD; and Fd.* These 
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two races belong to two different mating types and differ in the size of 
the micronucleus and in the quantity of chromatin contained in it. These 
differences are correlated with the difference in chromosome number. 
McD; is a polyploid race having several hundred chromosomes. It has a 
large, deeply staining micronucleus which contains a large quantity of 
chromatin. Fd has apparently about eighty chromosomes. This race has 
a small, lightly staining micronucleus which contains a small quantity of 
chromatin. 

Under appropriate conditions, individuals belonging to these two races 
will immediately agglutinate when mixed and soon form pairs. In such a 
mixture the progress of nuclear changes is quite uniform in all the pairs; 
this is especially true in the earlier stages of conjugation. By isolat- 
ing and fixing every hour a number of pairs from such a mixture (with 
subsequent staining) it is possible to trace with considerable accuracy the 
successive nuclear changes during conjugation and the time intervals be- 
tween these different stages. In the present investigation this has been 
done. Many other preparations were also made of pairs which were 
isolated from other mixtures made at different dates which may be far 
apart. One or more sets of slides were made of the conjugants from each 
mixture, each set containing animals which were fixed at one time. From 
the same mixture a number of conjugants may be fixed about six hours 
after onset of conjugation, another group of conjugants fixed about eleven 
hours after onset of conjugation, etc. The time intervals between the onset 
of conjugation and the time of fixation are known for all the material used 
in the present study. 

During conjugation between animals with very different chromosome 
numbers the nuclear changes in both conjugants are normal. The micro- 
nucleus in each conjugant undergoes three pregamic divisions. The first 
pregamic division is a very long process while the second and the third 
divisions require a very much shorter length of time for their completion. 
After the first pregamic division, one of the two micronuclei degenerates 
while the remaining one undergoes the second pregamic division, giving 
rise to two micronuclei. One of the two micronuclei from the second divi- 
sion degenerates, leaving only one micronucleus which undergoes the third 
pregamic division. This last pregamic division gives rise to two pronuclei. 
Throughout these stages it is clearly observed that the micronucleus in one 
conjugant (McD;) is much larger and contains a much greater quantity of 
chromatin than the micronucleus in the other conjugant (Fd). The two 
pronuclei in the McD; conjugant are also much larger and stain much more 
deeply than those in the Fd conjugant. At room temperature exchange of 
pronuclei usually occurs 28-31 hours after the onset of conjugation. After 
the exchange of pronuclei each conjugant contains one large, darkly staining 
pronucleus and one small, lightly staining pronucleus. These two pronu- 
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clei (different in size, staining capacity and in quantity of chromatin) in 
each conjugant fuse and form a syncaryon. The syncaryon in one con- 
jugant appears to be the same as that of the other conjugant and they both 
divide three times before the conjugants separate. After the first division 
of the syncaryon, one of the nuclei degenerates, and the other divides twice, 
giving rise to four nuclei. The nuclei resulting from the divisions of the 
syncaryon are alike in both conjugants. Thus before conjugation the two 
conjugants are different in the size of the micronuclei and in the number of 
chromosomes but after conjugation they are alike. 

(2) Conjugation between Animals with and without Micronuclei.—In 
P. bursaria animals with and without micronuclei can conjugate with each 
other, for example, the two races—Grl4 and S. They belong to two 
different mating types. Race Grl4 has a characteristically large, darkly 
staining micronucleus. In race S most of the animals do not have a micro- 
nucleus, while some have a ‘‘ghost’’ micronucleus which does not stain with 
haematoxylin. Conjugation is readily obtained between these two races.’ 
A Grl4 individual can conjugate either with an S individual without a 
micronucleus or an S individual with a ‘‘ghost”’ micronucleus. 

During conjugation between Gr14 and the amicronucleate S, the micro- 
nucleus in Gr14 shows a normal behavior. It undergoes three pregamic 
divisions, resulting in the formation of two pronuclei. These pregamic 
divisions are similar to those found in conjugation between races McD; and 
Fd. The amicronucleate conjugant produces no pronuclei. In most of the 
pairs one of the two pronuclei in the Gr14 migrates to the amicronucleate 
conjugant. After this migration each conjugant possesses a single pro- 
nucleus (“‘hemicaryon”).4 Since Grl4 is a polyploid race, each ‘‘hemicar- 
yon” probably still contains several sets of chromosomes. The ‘“hemi- 
caryon” in each conjugant behaves like a syncaryon. It undergoes three 
divisions before the conjugants separate. After the first division, one of 
the nuclei degenerates, leaving one nucleus which undergoes two divisions, 
' giving rise to four nuclei. The nuclei resulting from these divisions of the 
“hemicaryon” in one conjugant appear to be the same as those of the other 
conjugant and they all seem to contain the same number of chromosomes. 
Thus before conjugation the two conjugants are different in the nuclear 
apparatus but after conjugation they are alike.® 

The account given above of the transfer of one pronucleus from the Gr14 
conjugant to the amicronucleate conjugant is true for most of the con- 
jugating pairs. In a small number of exceptional cases, no such transfer 
takes place. The two pronuclei in Gr14 remain in the same conjugant and 
fuse to form a syncaryon. A syncaryon resulting from such autogamy 
behaves like those formed after an exchange of pronuclei. After the first 
division of the syncaryon, one of the two products degenerates and the 
remaining nucleus divides twice, giving rise to four nuclei. The syncaryon 
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and its products of divisions are larger and contain many more chromosomes 
than the “‘hemicaryon”’ and its products of divisions. This is to be ex- 
pected since there is no reduction of chromosome number in autogamy, 
whereas in the case in which the transfer of pronucleus takes place the 
chromosome number is probably halved. 

The significance of conjugation between animals with very different 
chromosome numbers and between animals with and without micronuclei 
seems to be twofold: 

(1) There is considerable flexibility in conjugation of Paramecium. 
Animals with a great number of chromosomes can conjugate with animals 
with relatively few chromosomes. Animals with the usual micronucleus 
can conjugate with animals without a micronucleus. 

(2) One of the results of conjugation in Paramecium is the elimination of 
the great diversities in the nuclear apparatus and great difference in 
chromosome number that may exist between the two conjugants. 


1 See Chen, T. T., Proc. Nat. Acad. Sci., 26, 239-240 (1940). 

2 [ am greatly indebted to Prof. H. S. Jennings for the races of P. bursaria used in the 
present investigation. 

3 The technique used in the present study of conjugation between Grl14 and SS is essen- 
tially the same as that used for the study of conjugation between McD; and Fd. 

4 As soon as this pronucleus in each conjugant starts to divide it should no longer be 
called a “‘pronucleus.’”’ A new term ‘“‘hemicaryon’’ is hereby used in contradistinction to 
syncearyon. A syncaryon is made up of two (or more) pronuclei, whereas a ‘“‘hemicaryon”’ 
is composed of only one pronucleus. 

5 Diller reported in P. aurelia cases of conjugation in which one member of the pair was 
normal while the other member lacked micronuclei entirely. He did not describe the 
nuclear changes in the normal conjugant nor the result of such conjugation. See 
Diller, W. F., Jour. Morph., 59, 11-51 (1936). 


NOVEL TYPES OF NERVE REFLEXES 
By G. H. PARKER 


BIOLOGICAL LABORATORIES, HARVARD UNIVERSITY 


Communicated March 16, 1940 


The idea of the nerve reflex has since the time of Descartes played a réle 
of first importance in neurophysiology (Fearing, 1930). Like the much 
later concept of the neurone, as formulated by Waldeyer in 1891, it has 
afforded a basis of first significance for the analysis of nervous activities. 
Neurones have proved to be of many kinds, but the nerve reflex has re- 
mained almost true to type. Sherrington has called it the unit of func- 
tional nervous integration. Pavlov divided reflexes into the well-known 
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non-conditioned and conditioned, but aside from this grouping almost no 
step has been taken to distinguish different kinds. The discovery of hor- 
mones and particularly of those hormones that are especially concerned 
with nervous activity, the chemical activators or neurohumors, has brought 
a new element into the field of the reflex. 

As ordinarily understood, a nerve reflex is represented by a series of 
nerve impulses that pass over an afferent pathway leading from some 
bodily receptor to a central nervous organ whence it is reflected into an ef- 
ferent pathway by which it reaches a peripheral effector usually a muscle 
or a gland. In such an instance both pathways are strictly nervous and a 
pure nerve reflex results. But with the discovery that neurohumors may 
replace nerve impulses new combinations appeared. This is well seen in 
the activity of the melanophores in such an animal as the catfish Ameiurus 
(Parker, 1934, 1935, 1936). 

This fish darkens when it is placed in a black-walled receptacle brightly 
illuminated. Under such circumstances the pigment granules which in its 
myriads of integumentary color cells form in each cell a minute spherical 
mass spread throughout the branched body of the cell and thus come to 
cover a relatively large area. This dispersion of pigment is brought about 
in two ways, by the action of dispersing nerve-fibres and by the presence of 
intermedin, a substance secreted by the intermediate lobe of the pituitary 
gland in the base of the fish’s brain. 

When light from a black, illuminated surface falls upon the retina of a 
catfish, nerve impulses are generated which pass over the optic nerve to the 
central nervous organs. Here these impulses are transferred to nerves that 
leave the central organs and pass to the melanophores which are by the ac- 
tion of these nerves excited to disperse their pigment. This operation rep- 
resents in all respects the well-known type of nerve reflex. The nerve con- 
nections from the eye to the central organs form the afferent path and those 
from the central organs to the melanophores the efferent path. 

The mechanism of color change accomplished by intermedin is of a dif- 
ferent character. The light which falls upon the skin of the fish excites 
certain photoreceptors by which nerve impulses are induced which then 
pass over afferent nerve tracts to the pituitary gland. The innervation of 
this gland in connection with the color changes of the frog has been re- 
cently worked out by Geiringer (1938). As a result of the nervous excita- 
tion of this gland in the catfish, intermedin is liberated and is conducted 
by means of the blood and lymph to the melanophores of this fish. These 
color cells are thereby excited to disperse their pigment. Thus, a result is 
obtained which in all essential respects is like that of the purely nervous 
reflex, though by somewhat different means. In the first type, both af- 
ferent and efferent arms of the reflex are nervous, but in the second, only 
the afferent one is nervous, the efferent arm being humoral. This humoral 
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part is represented by the flow of intermedin in the circulatory fluids of the 
fish from the pituitary gland to the responding melanophores. 

The type of reflex whose afferent arm is nervous but whose efferent one 
is humoral, must have been in the minds of many students of the physi- 
ology of vertebrate chromatophores, but no one, so far as I am aware, has 
ever called attention to it. It is widely exemplified in the chromatophoral 
systems of the great majority of chromatic vertebrates. In consequence 
of the different kinds of activities on its two arms, it may well be designated 
a neurohumoral reflex as contrasted with the purely neural reflex long since 
known. 

If reflexes exist in which the afferent path is nervous and the efferent one 
humoral, it is not impossible that others may occur in which the reverse is 
true. Such seems to be the case in the respiratory reflexes of the higher 
vertebrates. Here the afferent path is represented by the course of the 
blood from the tissues of the body to the respiratory center in the medulla 
oblongata whereby the exciting hormone, be it carbon dioxide or other 
metabolite, is carried from its region of origin to the respiratory center in 
the nervous system. The efferent path, on the other hand, consists of the 
nerve connections leading from the respiratory center to the muscles of 
respiration. Thus, in this instance, the afferent path is humoral and the 
efferent nervous, the reverse of those in the example taken from the melano- 
phores. 

If the second type of melanophore reflex in consequence of the sequence 
of its steps may be called a neurohumoral one, the respiratory reflex for a 
similar reason may be designated a humeroneural reflex. Such a system 
may be pursued one step further. There are many instances in the bodies 
in the higher animals where what might be assumed to be reflex arms are 
both humoral. Such cases are to be met with in the activating mechanism 
of the pancreas and among the interacting sex hormones, but it is doubtful 
if any of these examples may legitimately be called reflexes because of the 
complete absence of a nervous factor. The combinations presented by 
nerve and humoral elements, as exemplified in the catfish, seem to justify 
at most three types of true reflexes, the relatively simple and long recog- 
nized purely nervous type and the two combination types neurohumoral 
and humeroneural. A brief note on this subject has already appeared in 
Science (Parker, 1940). 
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AGGLUTINATION OF SEA-URCHIN EGGS. BY MEANS OF A 
SUBSTANCE EXTRACTED FROM THE EGGS 


By ALBERT TYLER 


WILLIAM G. KERCKHOFF LABORATORIES OF THE BIOLOGICAL SCIENCES, CALIFORNIA 
INSTITUTE OF TECHNOLOGY 


Communicated March 11, 1940 


F. R. Lillie’ showed that filtrates from a suspension of ripe eggs of the 
sea-urchin, Arbacia, will agglutinate the sperm of the same species. This 
species-specific agglutination of sperm by a filtrate of an egg suspension 
occurs in a number of forms of animals (see Just,” Tyler*). The agglutinin 
is, according to the latest evidence**, the jelly coat of the egg or a com- 
ponent of it. Lillie’ assumed that in addition to the agglutinin (fertilizin) 
there was another substance in the egg which he termed anti-fertilizin and 
which had the capacity of neutralizing the sperm-agglutinin. I have been 
able to extract such a substance from eggs of the sea-urchin, and have 
found that not only does the extract neutralize the sperm-agglutinin but 
also that it can cause the intact eggs to agglutinate. The substance in the 
extract that neutralizes the sperm-agglutinin may be termed anti-sperm- 
agglutinin, rather than anti-fertilizin since we do not as yet know what 
relation it has to the fertilization process. This substance is, according 
to the present evidence, identical with the substance in the extract that 
causes agglutination of the eggs, but it may be preferable to refer to the 
latter as the egg-agglutinin. It is obtained simply by extracting the eggs 
after removal of the jelly coat. 

Extraction of Jellyless Eggs —The jelly layer (Fig. 1c) of eggs of the sea- 
urchin Strongylocentrotus purpuratus can be readily removed (Fig. 1d) by 
acidifying the egg suspension to about pH 3.5. When a suspension of 
washed, jellyless eggs in ordinary sea water is frozen at —78°C. and al- 
lowed to thaw at room temperature the eggs break up and there is obtained 
a yellowish, colloidal solution along with a coagulum of insoluble egg 
material. 

Inactivation of Sperm-Agglutinin by Egg Extract—When the solution 
(extract of jellyless eggs) is added in the proper amount to a sperm-agglu- 
tinin solution (filtrate of egg suspension), the latter completely loses its 
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FIGURE 1 


a and b. Photograph of egg suspensions .in Syracuse dishes; 7/10 natural size; a, 
suspension in ordinary sea water; b, 15 minutes after the addition of extract of jelly- 
less eggs to a suspension of approximately the same concentration as in a, showing ag- 
glutination of the eggs. 
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capacity to agglutinate sperm. With concentrated solutions a precipitate 
forms on mixing the egg extract with the egg filtrate. In other words, a 
typical precipitin reaction is.obtained on mixing the two solutions. 

Agglutination of Intact Eggs by Egg Extract—When the extract of jelly- 
less eggs is added to a suspension of intact eggs it causes them to aggluti- 
nate (Fig. la and 6). With the proper concentrations pH, etc., practically 
all of the eggs form one large clump. The microscopic picture shows that 
the substance in the extract reacts with the material of the jelly layer of 
the egg. There is formed on the surface of the jelly layer a precipitate 
that gives this layer a sharp outline (Fig. le). The precipitate has the ap- 
pearance of a membrane and may be termed a precipitation membrane. 
In the agglutinates of intact eggs the precipitation membrane is shared 
between adjacent eggs and is thinner in the region of contact than elsewhere. 
Isolated eggs in strong egg extract are surrounded by a complete precipita- 
tion membrane. This effect resembles very much the action of anti-serum 
on the capsules of various encapsulated bacteria such as the pneumococci. 
But while the capsule of such cells is considered by bacteriologists to swell 
(Neufeld’s Quellung) on forming the precipitation membrane, the jelly 
layer of the sea-urchin egg shrinks appreciably. The formation of a 
precipitation membrane is a more reliable and rapid test of the active sub- 
stance than is the actual clumping of the eggs since the latter depends more 
on having proper concentrations, pH, etc. 

Inactivation of Egg-Agglutinin by Sperm-Agglutinin.—This is the same 
experiment reported two sections above except that the egg-agglutinating 
activity of the mixture of egg-agglutinin (extract of jellyless eggs) and sperm- 
agglutinin (filtrate of egg suspension) is tested. The egg-agglutinin is found 
to be completely inactivated when a sufficient amount of sperm-agglutinin 
is added. 

Fertilization of Eggs Treated with Egg Extract.—Eggs with a complete 
precipitation membrane cannot be fertilized. However, if the membrane 
is removed or torn even only partially, the eggs can be fertilized. In the 
latter case a normal fertilization membrane forms within the incomplete 
precipitation membrane (Fig. If). 

Properties and Relationship of the Active Agents in the Egg Extract.—The 
identity of the anti-sperm-agglutinin and the egg-agglutinin was surmised 
on the basis of the evidence that the material of the jelly-layer of the egg 


FIGURE 1 (Continued) 


c tof. Photomicrographs of eggs, X 200; c, an unfertilized egg in a suspension of 
Chinese india ink showing clear jelly layer surrounding the eggs; d, two eggs after 
removal of the jelly layer, the absence of which is shown by the proximity of the eggs; 
e, four eggs at 10 minutes after the addition of egg extract, showing precipitation mem- 
brane on surface of the jelly; f, a fertilized egg showing fertilization membrane formed 
inside of a nearly complete precipitation membrane. 
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is the sperm agglutinin and that the egg extract reacts visibly with that 
material. The evidence is strengthened by the fact that both are inacti- 
vated similarly by heat, pH and proteolytic enzymes. Also both are non- 
dialyzable, are precipitated by saturated (NH4)2SO, and by sperm-agglu- 
tinin. These properties are utilized in concentrating and attempting to 
purify the active agent. 

Preparations obtained after removal of stromata, dialysis and precipita- 
tion with (NH,)2SO, give the common color tests for proteins (xanthopro- 
teic, Millon’s and biuret). Solutions of crystallized trypsin and chymo- 
trypsin inactivate the egg-agglutinin (and anti-sperm-agglutinin). This 
latter test is complicated by the fact that these enzymes also act on the 
sperm-agglutinin (egg jelly) but by proper controls they can be shown to 
act separately on the egg-agglutinin. The evidence, then, points to the 
substance being of protein nature. 

Anti-Sperm-Agglutinins and Egg-Agglutinins from Sperm Extracts.— 
From the spermatozoa of the sea-urchin and the keyhole limpet there have 
also been extracted recently specific anti-sperm-agglutinins (Frank,* Tyler,’ 
Southwick®). Frank® showed that the extract of sea-urchin sperm also 
has the property of causing agglutination of the eggs. I have been able to 
confirm this on extracting the sperm by freezing and thawing instead of 
heating as Frank had done. While Frank hesitates to conclude that the 
anti-sperm-agglutinin from sperm and the egg-agglutinin from sperm are 
identical, his and my own evidence point very strongly to the view that 
they are. Frank failed to obtain with his extracts any protein tests nor was 
he able to salt it out with (NH«)2SO,. My extracts, on the other hand, 
give positive protein tests and are precipitable by (NH4)2SO,. This may 
be due te the greater efficiency of extraction by freezing and thawing 
than by heating, since extracts that I have prepared by heating are of 
lower titer than those obtained by freezing and thawing. 

Relation of Active Agent from Sperm to That from Egg Extract.—The egg- 
agglutinin (and anti-sperm-agglutinin) obtained from sperm also resembles 
the egg-agglutinin (and anti-sperm-agglutinin) obtained from jellyless eggs 
in regard to its non-dialyzability and its inactivation by heat, pH and 
proteolyticenzymes. It is for further work to decide if the two are identical. 
In the sperm the substance must be present on the surface since it is 
quite evidently the substance that reacts with the sperm-agglutinin ob- 
tained from the egg jelly. In the eggs the substance is present below the 
jelly-layer. 

Specificity.—All of the various substances that have been described here 
are species specific. Cross reactions are in some instances obtained be- 
tween the closely related sea-urchins S. purpuratus and S. franciscanus. 
These are usually weaker than the homologous reactions. More distantly 
related Echinoderms show no cross reactions at all. 
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SOME DEDUCTIONS OF GENERAL SEROLOGICAL SIGNIFICANCE 


1. Auto-Agglutination.—The present finding that there is below the 
surface of a cell a substancé capable of giving the familiar serological re- 
actions (agglutination, precipitation) with the surface materials of the cell 
has a bearing on some general problems. One of these is the cause of the 
phenomenon of auto-agglutination (acid-, cold-agglutination and spon- 
taneous agglutination in general). This phenomenon, it appears, can now 
be explained in the following manner. Surface and sub-surface substances 
are assumed to form a dissociable compound in the region in which they 
adjoin. Agents that dissolve the surface substance would then favor the 
dissociation of this compound. Within a wide range of conditions this 
dissociation will be incomplete so that the surface will then be a mosaic of 
original surface substance and sub-surface substance. The cells are then 
capable of uniting in large numbers, the surface substance of one combining 
with the exposed sub-surface substance of another. The same result would 
follow if it were assumed that complete dissociation occurred in some of 
the cells and no dissociation in the others. 

This interpretation of auto-agglutination presupposes the same mecha- 
nism for agglutination as that assumed in the lattice theory of Marrack® 
and Heidelberger; namely, the union of multivalent complementary 
substances. 

I have recently* offered this interpretation for an auto-agglutination 
phenomenon in spermatozoa. A critical test is the ability to agglutinate 
cells by means of an extract from below the surface layer of the cells. The 
present findings show that this can be done with eggs. It is also possible 
to produce an auto- (acid-) agglutination of the eggs in a very simple 
manner. If the pH of the sea water is lowered to a point where the jelly 
is almost completely gone the eggs will agglutinate in large clumps. It is, 
of course, difficult to determine whether there are patches of very thin films 
of the jelly layer present under these conditions, but that appears to me 
to be the interpretation. The effect may be produced also by using 
chymotrypsin. This enzyme dissolves the jelly layer and when that layer 
is almost (?) completely gone the eggs agglutinate. As the chymotrypsin 
continues to act the clumps break up again, presumably due to the com- 
plete removal of the surface material. 

The auto-agglutination of egg cells substantiates, then, the view that 
the effect is due to the exposure of sub-surface material capable of combin- 
ing with surface material on other cells of the same suspension. Whether 
or not this interpretation will hold for all instances of auto-agglutination 
that have been described remains for future investigations to decide. 

2. The Terms Antigens and Antibodies.—Serologists employ the terms 
normal or natural antibodies to designate substances that are present in 
untreated animals and that produce effects similar to those of antibodies 
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obtained by injection of antigens. Thus the naturally occurring aggluti- 
nins, lysins, etc., for blood cells and bacteria are called natural antibodies. 
The substance with which a natural antibody reacts is termed an antigen 
(agglutinogen, precipitinogen, etc.). This, however, conflicts with the 
complete definition of an antigen since there is no evidence that the forma- 
tion of a natural antibody is incited by the corresponding antigen. Never- 
theless there seem to be cogent reasons for employing the term. 

When one attempts to use these terms in connection with the substances 
obtained from eggs and spermatozoa further difficulties are encountered. 
These difficulties do not reflect on the character of the reactions exhibited, 
since they are typical serological reactions, but rather on the terminology 
itself. 

The substance on the surface of the egg that causes agglutination of the 
sperm may be termed a natural agglutinin. Then the reacting substance 
on the sperm would according to serological usage be termed an agglutino- 
gen. However, the agglutinogen can be extracted from the sperm and when 
added to eggs causes them to agglutinate. It thereupon must be called 
an agglutinin. 

The substance below the surface of the egg which, when added to intact 
eggs, causes them to agglutinate may be termed a natural agglutinin. Then 
the surface substance with which it reacts becomes an agglutinogen. 

It is evident that if these terms are to be employed when dealing with the 
naturally occurring substances, they must be used in their functional sense. 
In the description of the experiments with eggs and sperm it was necessary 
to employ such cumbersome terms as egg-agglutinin or anti-sperm ag- 
glutinin from eggs, etc. This avoids the difficulty of designating a sub- 
stance as an antigen (agglutinogen) at one time and an agglutinin at an- 
other time. 

That this difficulty in terminology is not confined to the naturally oc- 
curring substance is manifest when one considers the production of anti- 
2odies to antibodies. Several instances showing the production of anti- 
antibodies have been reported (see Marrack,® p. 54). The antibody- 
inducing antibody must then be termed an antigen. Again it is evident 
that these terms must be employed in a functional sense and not as desig- 
nating special classes of chemical entities. 

These specifically reacting substances may be termed complementary 
substances (complementary proteins, etc.) but any further characteriza- 
tion must await their isolation in pure form. 

3. Possibility of Direct Protective Action of Bacterial Extract against In- 
tact Bacteria.—These experiments with egg cells have shown that there is 
below the surface of the cell a substance capable of acting in the manner 
of an antibody (agglutinin, precipitin) with the surface material. This 
has certain implications that should be of considerable interest in the 
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medical aspects of immunology. If, in analogy to the eggs, a pathogenic 
bacterium were to have beneath its surface a substance capable of ag- 
glutinating the cells, then, on the basis of the current views concerning the 
immunological significance of specific agglutinins (see Cannon"), one 
should expect this substance to afford protection to an animal infected with 
the same strain of organism. In other words the bacteria would contain 
within themselves the seeds of their own destruction. 

Some experiments that have been performed with bacteriophage are 
consistent with this view. Levine and Frisch’? and Gough and Burnet™ 
showed that phage can be inactivated by a polysaccharide-like substance 
extracted from the susceptible bacteria. The substance is presumably the 
coat of the organism or located in it. Within the cell there is evidently 
material that serves as phage-precursor. It is reasonable to suppose that 
the precursor is a fully formed protein and that the phage is not synthesized 
from simpler compounds but is produced in a manner analogous to the 
formation of an enzyme from its precursor (see Northrop"‘). The situation 
(at least just before liberation of the phage) is then similar to that demon- 
strated here in the case of the sea-urchin egg; namely, a sub-surface sub- 
stance capable of combining in a serological manner with surface sub- 
stance. 

The views expressed here should be relatively easy to test. All that is 
necessary is to remove the surface material from a cell and to determine 
whether by appropriate extraction of the remainder a substance can be 
obtained that will react with the surface material. Depending on the con- 
ditions of the test the reaction should give precipitation, agglutination, 
lysis or opsonification. In'other words the extract would be expected to 
have the same properties as an immune serum. An attempt to test this 
on pneumococci is now in progress. 

The results of numerous experiments in the literature on immunology 
may find their interpretation on the basis of the results presented here. 
For example, the differences in effectiveness of various kinds of vaccines 
may be dependent upon the relative amounts of surface and sub-surface 
(and deeper) substances present when different methods of preparation are 
employed. Autolysis or cytolysis of a whole cell would allow a general 
interaction of surface and sub-surface and deeper substances to take place. 
A precipitate would form and the substances that remained in solution 
would be the ones present in excess. Since the antibodies that are effective 
in producing immunity are evidently those that act on the surface of the 
cell, it would appear that it is necessary to have the proper antigen present 
in the vaccine or extract. Immunologists are, of course, fully aware of the 
importance of isolating the various antigenic components of cells. The new 
points submitted here are that the various components of the cell are 
capable of reacting with one another when the cell is destroyed and are 
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chemically combined in the intact cell in the regions where they adjoin one 
another. 

Summary.—Sea-urchin eggs can be agglutinated by means of an extract 
obtained from eggs deprived of their jelly coat. The extract also inactivates 
the sperm-agglutinin which is the jelly coat of the egg or a component of 
it. Similarity of properties point to the identity of egg-agglutinin and anti- 
sperm-agglutinin obtained from eggs. These agents also appear to be 
similar to the egg-agglutinin and anti-sperm agglutinin obtained from 
sperm. Various tests indicate the protein nature of the egg-agglutinin (and 
anti-sperm-agglutinin). The egg agglutinin is specific in its action. 

The view is proposed that all cells are composed of alternate layers of 
substances that are capable of reacting with one another in a serological 
manner. The bearing of this on some general serological and immunological 
questions is discussed. One deduction of considerable practical interest is 
that it should be possible to extract from a pathogenic bacterium a sub- 
stance: that would give direct protective action against the intact bac- 
terium. 

I am indebted to Professors T. H. Morgan and Linus Pauling for having 
read the manuscript. 
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DIURNAL VARIATION OF INTERMEDIN IN THE BLOOD OF THE 
ALBINO RAT 


By LEON LEVINSON 


BIOLOGICAL LABORATORIES, HARVARD UNIVERSITY 


Communicated March 16, 1940 


It has been found by Jores (1937)! that there is a diurnal fluctuation in 
the concentration of intermedin in the blood of man. The following ex- 
periments were therefore designed to test the possibility of the existence of 
such a cycle in the albino rat. 

Methods.—A supply of mature, normal albino rats, of both sexes, was 
kept under normal laboratory conditions. Blood samples were obtained 
by heart puncture and the samples prepared for assay in the following 
manner, an adaptation of that of Jores (1933).2 In approximately one- 
half of the cases, 0.3 cc. of blood was withdrawn and added to 5.0 cc. of 70% 
alcohol. In the other cases, 0.6 cc. of blood was taken, and added to 10.0 cc. 
of 70% alcohol, in a small centrifuge tube. After shaking, the laked 
hemoglobin was removed by centrifugation, and the supernatant solution 
evaporated to dryness in a blast of warm air. The residue was taken up 
in an amount of water such that each cubic centimeter of solution contained 
the equivalent of 0.12 cc. of blood. This aqueous solution was made alka- 
line (about pH 11) with 0.1 N NaOH, and heated for 10 minutes in a boil- 
ing water bath. After cooling, the samples were neutralized with 0.1 NV 
HCl, and diluted to replace the loss due to evaporation. 0.5 cc. of this 
solution was injected into pale frogs, and the duration of the resulting 
melanophore expansion determined. This was measured as the length of 
time in minutes between the time of injection and the time at which the 
frogs returned to the pale state. 

Results.—The results obtained by assaying the intermedin in the blood 
of rats at different times of day and night are shown in tabular form in 
table 1, and graphically in figure 1. It can be seen that intermedin is al- 


TABLE 1 


CYCLICAL VARIATIONS IN 1HE INTERMEDIN CONTENT OF RAT BLoop 
I It Ill Iv 


TIME OF DAY NO, OF RATS MEAN DURATION Ss. D. OF DURATION 
TESTED OF RESPONSE OF RESPONSE 

12 mdnt. 10 231.0 mins. 82.7 mins. = 36% 
3 A.M. 8 215.6 105.5 mins. = 49% 
6 A.M. 8 189.4 69.5 mins. = 37% 
9 A.M, 4 67.5 24.8 mins. = 37% 
12 noon 4 48.8 15.6 mins. = 32% 
8 P. M. 11 98.0 32.6 mins. = 338% 
6 P. M. 8 137.5 33.4 mins. = 24% 
9P.M. 6 128.3 40.7 mins. = 32% 
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ways present in the blood of the rat, but that more is present during the 
night than during the day. Moreover, the concentration of intermedin 
varies cyclically, in a fashion roughly similar to the diurnal cycle in spon- 
taneous activity (Slonaker, 1935).* 
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FIGURE 1 

EXPLANATION OF CURVE 

This curve shows the relationship between the 
duration of melanophore expansion in minutes 
(ordinate) and the time at which blood inter- 
medin samples were taken (abscissa). The 
circles represent average values from table 1, 
with their standard deviations expressed as the 
vertical lines at each point. 
M = midnight 
N = noon 


The author wishes to express his thanks to Dr. A. A. Abramowitz for his 
generous and helpful advice. 


1 Jores, A., Zeits. Exper. Med. 87, 266 (1937). 
2 Jores, A., Tabulae Biologicae, 14, 77 (1933). 
3 Slonaker, J. R., Am. Jour. Physiol., 73, 485 (1925). 
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THE ABSOLUTE MAGNITUDES OF STARS OF HIGH 
LUMINOSITY 


By Jesse L. GREENSTEIN 
YERKES OBSERVATORY, UNIVERSITY OF CHICAGO 
Communicated March 1, 1940 


Available estimates of the distances of stars of high luminosity do not 
establish a satisfactory scale of absolute magnitudes. The theory of galac- 
tic rotation, however, affords a geometric extrapolation of known distances, 
by the use of the radial velocity as a measure of distance. If we assume 
that higher-order terms in the galactic rotation may be neglected the 
radial velocity of a star, p, after correction for the solar motion, is 


p = 1A sin 2(1 — ly) cos? b + dp. (1) 


dp is the component of the peculiar motion in the line of sight. The rota- 
tional velocity gradient, A, may be assumed known from near-by stars for 
which the distances are determined by secular parallaxes. The mean dis- 
tance of a group of stars is 




















1 
nm A (= 2(1 me cos? ;): @) 
The average deviation of a distance will be 
wee) (3) 
A \sin 2(1 — h) cos? b 
and of an absolute magnitude, 
c—- 241 1 
\oM| © 7 (= 2(l — ly) cos? ;) (4) 


We may estimate the mean error of the mean absolute magnitude of n 
stars to be 


; _ 44 |ap| 
rAVn —1 


when only those stars are selected for which sin 2(/ — })) cos?b 2 0.5. The 
value of the mean peculiar velocity of the supergiants is not established. 
Using known c-stars near the nodes of the galactic rotation term, we find 
|5p| = +12 km/sec for cB-cA5, |5p| = +8 km/sec for cA8-cG4 and |p| = 
+11 km/sec for cG5-cM5. Wecan expect high accuracy of a group mean 


(5) 
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absolute magnitude only for stars with a mean rotational term, 7A, greater 
than 20 km/sec. 

The mean absolute magnitude for stars selected by apparent magnitude 
will be affected by various statistical errors of the form (log x — log x). 
The distribution of the velocities is skew, as is the distribution of the dis- 
tances of stars selected by apparent magnitude. Interstellar absorption and 
increasing rA both decrease these statistical corrections for the distant 
stars. The corrections have been estimated as of the order of +0.25 mag 
for a modulus of 6 mag, and +0.10 mag for a modulus of 15 mag. The 
mean absolute magnitude is obtained from 








i =s = Tewspen - 5 ( p ) + 
‘i asain . sin 2(1 — 1)) cos? b 


5(log A + 1+ [logy — log 7]). (6) 


The major uncertainty arises from the mean interstellar absorption term in 
(6). For the B-stars the mean absorption can be evaluated from the 
photoelectric color excesses, which were very kindly supplied by Professor 
Stebbins before publication.' For visual light the ratio” * of absorption 
to color excess, E, has been taken as seven. No suitable measures of color 
excess of the later spectral types exist, and a mean coefficient of absorption 
derived from the B-stars has been used. 

A value of the constant, A, based on secular parallaxes and radial veloci- 
ties has been given by Plaskett and Pearce.* Because of the large range in 
the luminosities of the B-stars it was necessary to introduce small changes 
in certain of the statistical corrections used by Plaskett and Pearce, es- 
pecially in 7-7. The derived value of 17 km/sec/kpe differs very little 
from their value of 15.5 km/sec/kpc. 

The absolute magnitudes of the B-stars have recently been determined 
by Whitford’ from radial velocities, and I am indebted to him for discus- 
sions of these results. A different statistical treatment may lend some 
interest to my new determination. Only stars for which sin 2(/ — )) cos? 
b 2 0.5 were used. The solar motion was taken constant for all stars, and 
equal to 20 km/sec with the apex at 18", +28°. The K-term may be 
neglected if the stars are uniformly distributed over both positive and 
negative maxima of galactic rotation. The velocities of the interstellar 
lines were used, when available,® as well as the stellar velocities. The 
spectral classifications are of mixed origin, coming from Mt. Wilson, Vic- 
toria and the Henry Draper Catalogue. 

Proper weighting criteria are difficult to establish. If the dispersion in 
absolute magnitude were small, a grouping by m’ = m — 7E would be a 
grouping by distance, and the weights would be measured by the mean 
rotational term, 7A. In view of the large dispersion, and the effects of 
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absorption, a grouping by m’ favors intrinsically faint stars. A grouping 
by the values of the rotational term unduly favors stars of large peculiar 
motion. Both methods have been used, and the results are given, with the 
mean values, in table 1. The column (m. e.) gives the estimated mean 
error of the mean absolute magnitude arising from the peculiar velocities of 
the stars. Included in table 1 are the mean absolute magnitudes M, ob- 
tained from the Victoria secular parallaxes* by Stebbins, Huffer and Whit- 
ford,* who corrected for the mean interstellar absorption of stars of a given 
magnitude and spectral type. Since the latter is based on Victoria classifi- 
cations, no distinction can be made for the c-stars, and M, may be sys- 
tematically too bright. 
TABLE 1 
EARLY-TYPE STARS OF KNOWN COLOR EXCESS 
rA 


TYPE KM/SEC n (m’) (rA) MEAN M. E. M, 
cB, cA 29 48 —6@, -6@4 -6¥3 +02 + 
05-09 20 35 —4.2 —4.5 —4.4 +0.3 —4.6 
BO 20 34 —4.4 —4.7 —4.6 +0.3 —4.0 
Bl 15 23 —3.6 —4.1 —3.9 +0.4 —3.7 
B2 12 63 —2.8 —3.8 —3.3 +0.3 —3.1 
B3 6 150 —0.7 —-1.3 —1.0 +0.5 —1.7 


The differences between the absolute magnitudes in table 1 and those 
found by Whitford* are small, and arise mainly from the smaller value of 
the rotational constant adopted. The value for B3 is of low weight, since 
the systematic errors of the method are most serious for these near-by 
stars. The high mean absolute magnitude found for the early supergiants 
is of significance in problems of interstellar reddening. The great number 
of highly reddened stars among the apparently bright B-stars indicates the 
large number of supergiants. In an earlier spectrophotometric survey I 
have measured? gradients of 38 reddened B-stars. Of these 38 stars it is 
now known that at least 16 are supergiants; they have been so identified 
from the Mt. Wilson classifications, from high observed rotational terms 
and from unpublished data by O’Keefe, at the Yerkes Observatory. The 
systematically smaller integrated hydrogen-line absorption in the violet for 
the supergiants would at least partly explain a small deviation from line- 
arity of the relative gradients found in that investigation. 

The general widening of the scale of luminosities is also of importance in 
the derivation of mean values of the interstellar absorption coefficients. 
For example, the use of the conventional scale of luminosities (BO near 
—3™5) in the earlier work of Stebbins and Huffer* resulted in a mean photo- 
electric reddening of 0.28 mag/kpc. If distances based on galactic rotation 
alone are used the resultant coefficient is much lower. Figures 1 and 2 
show the photoelectric color excess of 177 of the stars of table 1 as a function 
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of distance determined from the radial velocities. The stars have been 
grouped by spectral type, and arranged in order of distance by (7A) in fig- 
ure 1, and by apparent magnitude corrected for reddening (m’) in figure 2. 
A least-squares solution, forced through the origin, gives a mean reddening 
of 0.13 mag/kpe for both groupings. This coefficient refers to a range of 
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FIGURES 1 AND 2 
The mean color excess, EF, is plotted against distance determined from galactic rota- 
tion. In figure 1 (top) thestarsare grouped by7A; infigure2(bottom)bym’. Thelines 
represent least-squares solutions, with a reddening coefficient of 0.13 mag/kpc. 


longitude, 340°-40°, 70°-130° and 160°-220°, and to galactic latitudes 
less than +5°. The use of distance moduli based on the present scale of 
absolute magnitudes should result in a similar coefficient, since the moduli 
are compatible with distances derived from galactic rotation. The redden- 
ing of 0.13 mag/kpce can be combined with the \—" law for interstellar red- 
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dening to yield a mean photographic absorption coefficient of 1.2 mag/kpc, 
in agreement with Joy’s value based on the galactic rotation of the Ce- 
pheids.”® Selection effects in the data must be seriously considered, and the 
dependence of E on 7 in figures 1 and 2 is not such as to establish a constant 
value of the absorption coefficient. 

Lists suitable for a calibration of the later-type stars designated as spec- 
troscopically highly luminous can be obtained from the c-stars in the cata- 
logs of Mt. Wilson spectroscopic absolute magnitudes* and from a list 
of c-stars by Miss Payne.!! From the Mt. Wilson list I have also selected 
those M-stars for which the spectroscopic absolute magnitude, M,,, was 
brighter than —10. The material available is too small for a satisfactory 
statistical analysis, but the results collected in table 2 may serve as a pre- 
liminary calibration. The derived mean absolute magnitudes are given 
both before and after correction for interstellar absorption. The correction 


TABLE 2 
LATER-TYPE c-STARS 


rA ae me M 
SOURCE TYPE KM/SEC n |d| m NO ABS. ABS, M. E. 
Mt. Wilson A8-G4 15 24 9° 4.89 —4@7 -—5!@1 «0M 
G5-K8 5 16 8 5.20 —2.0 —2.2 +2.4 
M0-M5 4 9 7 4.70 —2.3 —2.4 +4.0 
My<—-2”@5  A8-M0 18 12 9 4.78 4.4 —4.8 +0.9 
All A8-M5 10 49 8 4.96 —3.9 —4,2 +0.6 
Mt. Wilson, B8-A5 21 22 9 5.48 —4.8 —5.4 +0.5 
Payne 
Payne FO-G5 12 18 12 4.57 —4.5 —4.9 +0.7 
Morgan Lum. F4-F8 ‘26 4 4 3.90 —6.9 —8.2 +0.8 
Class Ia. 


for absorption has been taken as that derived from the B-stars, 0.93 mag/ 
kpc, in low galactic latitudes. I have arbitrarily adopted the value of 0.50 
mag/kpc for the stars in higher mean galactic latitudes, with suitable inter- 
polated values. The stars of the Mt. Wilson lists have been analyzed in 
groups according to spectral type, and a group of the most luminous stars 
has also been treated, with M,, < —2™5. It is apparent that the earlier 
stars, from cB8 to cG5 possess high mean luminosity, near —5™”_ Results 
for the later stars are very uncertain, and suggest that they do not form a 
homogeneous group. The mean absolute magnitude for this selection of 
cB8-cA5 stars, —5”4, is not far from that of the cB and cA stars of table 1, 
—6”“3. An interesting result is obtained for a group of four stars which 
Dr. Morgan has kindly selected for me as spectroscopically the most lumi- 
nous of the brighter stars. They are p Cas, yg Cas, e Aur and 6 CMa; 
they have the amazing rotational term of rA = 26 km/sec, and yield the 
mean absolute magnitude of —6“9 without correction for interstellar ab- 
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sorption. I am indebted to Dr. Morgan and to Dr. Keenan for discussions 
of the problems of the calibration of spectroscopic luminosities. 

While these results are of a preliminary nature, it is apparent that spec- 
troscopic absolute magnitudes of the supergiants can be accurately cali- 
brated, even if few stars are available. For a calibration of a group of 
ten stars within +0”5 a mean distance greater than one kiloparsec is 
necessary; for supergiants this requirement would be fulfilled for stars 
fainter than the sixth magnitude. The errors of the measured radial 
velocities need only be less than the velocity dispersion, that is, less than 
+8 km/sec. 

1 Stebbins, Huffer and Whitford, Ap. J., 91, 20 (1940). 

2 Greenstein, Ibid., 87, 151 (1938). 

3 Stebbins, Huffer and Whitford, Ibid., 90, 459 (1939). 

4 Pub. Dom., Ap. Obs. Victoria, 5, 289 (1936). 

5 Merrill, Sanford and Burwell, Ap. J., 86, 205 (1937). 

6 Pub. Washburn Obs., 15, Part 5 (1934). 

7 Ap. J., 89, 271 (1939). 

8 Van Rhijn, Gron. Pub., 47 (1936). 

® Adams, Joy, Humason and Brayton, Ap. J., 81, 187 (1935). 

10 Merrill, Ibid., 81, 351 (1935). 

11 Stars of High Luminosity, Appendix A (1930). 


SYNTHETIC SPECTRA FOR SUPERNOVAE 


By CrecimitA PAYNE-GAPOSCHKIN AND FRED L. WHIPPLE 
HARVARD COLLEGE OBSERVATORY 


Communicated March 14, 1940 


Introduction.—The excellent series of spectra of the supernovae in I. C. 
4182 and N. G. C. 1003, published by Minkowski,’ present for the first 
time a basis for a quantitative interpretation. Eight typical spectra, show- 
ing the major stages of the development during the first two hundred days, 
are shown in figure 1; they are directly reproduced from Minkowski’s 
microphotometer tracings, with some smoothing for plate grain. The pre- 
maximum spectra (which show few features in addition to an apparent 
continuum) and the very late spectra (more than two hundred days after 
maximum) are not represented. Since all supernovae apparently show 
nearly identical spectral changes,” this series can be considered as repre- 
sentative of all, both with regard to the essential spectral features and to 
changes with time. The broad features in the blue-violet region appear 
to shift to the red with time, while the features in the red region show varia- 
tions but no systematic shift in wave-length. 
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A comparison of Minkowski’s near-maximum spectra (not shown here) 
with his spectra of ¢ Aquilae (B9n) shows relatively more energy in the red 
and yellow regions of the supernova spectrum. Since the latter spectrum 
is apparently nearly continuous at this stage, an obvious conclusion 
is that it arises from a relatively low-temperature source (probably less 
than 12,000°K.). A possible alternative is that the spectrum consists of 
exceedingly broadened bright lines of high excitation, which happen to 
coalesce and simulate black-body radiation at a low temperature. Other 
alternatives are even less plausible. The working hypothesis of a low 
temperature continuum is suggested also by analogy with the spectra of 
ordinary novae, where temperatures of 8000° to 10,000°K are observed* 
in the early stages, at which time no strong absorption or emission spectra 
are present. It is supported strongly by the only lines that have been 
positively identified in supernova spectra: the narrow emission lines of 
[O I] at AA 6300 and 6363, which appeared in the spectrum of the supernova 
in I. C. 4182 between 158 and 184 days after maximum. We regard these 
two lines as interstellar lines produced in the neighborhood of the supernova 
by the pulse of high-intensity energy emitted near maximum light. A 
similar suggestion has been made by Zwicky.* These nebular lines of 
neutral oxygen originate in a transition that goes to the ground state of the 
neutral atom, and are thus of the lowest excitation possible for atomic 
emission. 

A few days after maximum light, the spectrum of a supernova begins to 
show more detail, but no sharp lines ever appear, with the exception of the 
oxygen lines just mentioned. If an emission or absorption spectrum exists, 
the lines must be greatly broadened, with a width (if interpreted as a Dop- 
pler effect) corresponding to a velocity probably of the order of 6000 km./ 
sec. in both approach and recession.» The steepness of the violet edge of 
the feature near \ 5890 suggests that the velocity does not greatly exceed 
this value. Emission lines broadened by 1/2; of their wave-length would not 
be separately identifiable unless their centers were separated by at least 
150 A. U., the separation necessary depending completely on the nature 
of the profiles; the case for square profiles has been discussed elsewhere.*° 
The assumption of broadened lines has a precedent in the interpretation 
of the spectra of ordinary novae, where the broadening is universally at- 
tributed to Doppler effect in an expanding stellar atmosphere. The 
analogies between supernovae and novae have been discussed by one of 
the writers’ and by Zwicky;* in the present paper we shall assume that a 
rough parallel is, in principle, a legitimate one. 

The most common emission spectrum observed astronomically is the 
Balmer series of hydrogen; if these lines were present in the spectra of 
supernovae with the relative strength that they usually show in the spectra 
of novae, we should expect to find broad maxima near their positions. 
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As such maxima are not conspicuous (if indeed they are present at all) in 
the earlier stages of supernovae, it must be concluded that the hydrogen 
spectrum is not strong at this phase. Such a conclusion may seem in- 
compatible with the assumption of a relatively low temperature; the 
element hydrogen, however, while it is known to be the main constituent 
of stellar atmospheres,® is only fairly abundant in stellar interiors. The 
amount of energy and matter involved in the supernova outburst must 
necessarily be enormous in comparison even with those of the ordinary nova 
outburst. We are here dealing chiefly with matter from the interior of the 
star and not from its exterior. Consequently the relative weakness of the 
hydrogen lines is not very surprising.'! 

Two general features of the supernova spectra suggest a great abundance 
of helium: the only apparently permanent feature of the spectrum, near 
d 5875 (the D; line of He I); and the later maximum in the blue, which 
probably contains \ 4686 (the first line of the Fowler series of He II), as 
well as the group of N III lines near 4640. These lines are important con- 
tributors to the spectra of ordinary novae. 

1. Procedure.—In view of all the above considerations, it has seemed 
worth while to attempt to reconstruct the supernova spectra by summation 
of the bright-line spectra of the astrophysically commoner elements, in 
the stages of ionization for which the data are reasonably complete. The 
adopted procedure, which is to be described in detail in a forthcoming 
paper,'* is summarized in the following paragraphs. 

(a) The Line Intensities —Determinations were made of the relative 
intensities of the permitted lines within each of the following nineteen 
spectra, over the wave-length range \ 3000- 6700: H I, He I, He II, 
CII, CIll, CIV, NII, NIII, NIV, NV, OII, OIII, OIV, OV, O VI, 
NaI,CaII,FeII andFelIII. Within series spectra, well-separated multiplets 
and supermultiplets, in cases where present theory is readily applicable, the 
relative intensities of lines (or multiplets) were calculated by application 
of the sum rules and by wave-mechanical theory. In all cases LS coupling 
was assumed. For the evaluation of the Boltzmann factors, temperatures 
roughly appropriate to the degree of ionization (15,000°K to 100,000°K) 
were assumed. In several cases, laboratory intensities (supplemented for 
Fe II by astrophysical intensities) were used to adjust the relative values 
between multiplets or supermultiplets, because the theory was uncertain 
or inapplicable. In all cases where they were available, the laboratory 
values furnished a satisfactory check on the theoretical intensities. 

(b) The Line Profiles —The line profiles were assumed to be parabolas 
with their major axes vertical and their vertices upwards; the intercepts 
on the wave-length axis were symmetrically placed about the line center, 
and separated by a distance equivalent to a velocity of 12,000 km./sec. 
The areas were made proportional to the calculated intensities. A profile 
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with steep sides and a rounded top was chosen primarily from an inspection 
of the supernova spectra, particularly in the visual regions; this general 
shape is often shown by the bright lines of the Wolf-Rayet stars and novae. 
The parabolic form was adopted for convenience in drawing and calcula- 
tion. It is clear that truly symmetrical lines are not to be expected from 
an expanding atmosphere; but, for example, in some of the cases discussed 
by Chandrasekhar for outwardly accelerated motion,* the deviations from 
symmetry are not great. 

(c) Integration of Individual Spectra.—The parabolic profiles of the lines 
(or groups of lines) of each individual atom were drawn on a prismatic 
dispersion scale proportional to that used by Minkowski! (spectrographs e 
and f). Where the lines overlapped, the intensities were summed at small 
intervals in wave-length. The effects of overlapping on the final summed 
spectrum are difficult to foresee, and are sometimes surprising. 


TABLE 1 
CoMPOSITION OF SYNTHETIC SPECTRA 


ATOM A=! B C II IIr 

% % % % % 
HI 5.2 6.9 4.8 4.6 
Hel 7.8 15.6 ie 8.7 9.4 
He II ‘i 9.6 16.9 5.2 9.2 
ci =e 18.2 oe 4.9 8.7 
CIT Ags ae 23.2 3.6 6.3 
NII ‘te 24.3 aa 6.6 11.6 
NIII da me 57.2 8.7 15.4 
OIl a 8.6 oe 2.3 4.1 
OIIlI at 4 2.7 0.4 0.7 
NaI a 1.4 0.6 
Cail 5.9 3.4 1.5 
Fe II 78.8 eS 45.4 20.0 
Fe III me 16.8 4.5 8.0 


(d) The Final Integrations —In order to produce combined spectra of 
successively increasing excitation, the individual spectra were summed in 
groups designated A, B and C in order of excitation. The percentage of the 
energy with wave-length greater than \ 3800 contributed by each atom to 
the combined spectrum is given in table 1. The percentages were, of course, 
chosen arbitrarily, on the basis of the observed spectra of novae and super- 
novae. The contribution from hydrogen was made very small, and might 
even have been omitted altogether without affecting the results appre- 
ciably. 

Spectrum A was combined with a strong continuum, corresponding to a 
temperature of 10,000°K.; spectrum B, with a moderately strong con- 
tinuum corresponding to a temperature of 16,000°K.; and spectrum C, 
with a weak continuum corresponding to a temperature of 28,000°K. 
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Because our synthetic spectra were to be compared with Minkowski’s 
published tracings, corrections for plate sensitivity, absorptions and pris- 
matic dispersion were applied to the caiculated spectra. These corrections 
were deduced from Minkowski’s published tracings of a series of spectra of 
¢ Aquilae (made with spectrograph f on ‘‘Agfa Supersensitive Panchro- 
matic’’ film), on the assumption that the energy distribution in the star’s 
spectrum corresponds to black-body radiation at 12,000°K. 

Spectrum A, corrected by the procedure described in the last paragraph, 
is shown, as predicted spectrum I, in figure 1, for comparison with the 9- 
and 10-day spectra of the supernova in I. C. 4182, drawn below it. 

Spectrum II, compared in figure 1 with the 20- and 24-day spectra of 
the supernova in I. C. 4182, is of a somewhat higher mean state of excitation 
than Spectrum I, being compounded from spectra A, B and C and their re- 
spective continua in. the proportions (bright line energy): A, 58%; B, 
27%; C,15%. The fifth column of table 1 shows the resultant percentages 
of energy contributed by the individual atomic spectra. 

Spectrum III, compared in figure 1 with the 44- and 51-day spectra of 
the supernova in N. G. C. 1003, and with the 67- and 136-day spectra of 
the supernova in I. C. 4182, is similarly compounded in the proportions: A, 
25%; B, 48%; C, 27%; the atomic contributions are shown in the sixth 
column of table 1. 

2. Discussion—In comparing Minkowski’s microphotometer tracings 
and our spectra, it is important to notice several things. First, his tracings 
are made from unwidened spectra, analyzed with a relatively long micro- 
photometer slit, and they have not been reduced to relative intensities. 
With such an arrangement the effects of ‘‘burning out’’ (noticeable espe- 
cially in the red regions) are particularly difficult to predict and allow for, 
because the characteristic curve of the emulsion will be different from those 
ordinarily encountered in spectrophotometry. Accordingly, no attempt 
has been made to correct our predicted spectra for the characteristic curve. 
Secondly, the material permits only an approximate determination of the 
sensitivity of the emulsion, which may vary appreciably over a period of 
several months. For both these reasons the conspicuous peak at the red 
end of the predicted spectra should not be considered as more than an in- 
dication of relatively high red energy. In most of Minkowski’s spectra 
of the early stages, the red end is certainly “burned out; in the cases 
where it is not (supernova in I. C. 4182 at 41 days; supernova in N. G. C. 
1003 at 29 and 44 days, the latter spectrum being shown in figure 1), the 
excessive strength at the red end is quite obvious, and similar to that 
shown in the predicted spectra. 

The extent to which the predicted spectra resemble the observed ones 
may be seen from inspection of figure 1. The strange phenomenon, noted 
by Minkowski, that the blue regions of the spectrum show a progressive 
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Observed and predicted spectra of supernovae. The observed spectra are of 
SN IC 4182 with the exception of those at 44° and 51° after maximum light, which 
are of SN NGC 1003. 
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red shift with time, which the yellow and red regions do not share, is also 
displayed by the predicted spectra. Apparently this phenomenon can be 
explained merely as the result of changes in the atomic makeup of the 
spectrum, resulting from increase of excitation with time. It is also possible 
for a small red shift to occur as a result of a broad line or group of lines 
falling in a region where emulsion sensitivity varies rapidly with wave- 
length; a change with time of the intensity of the underlying continuous 
background produces a shift, which may be of the order of fifty A. U. 

It will be seen from table 1 that comparatively few atoms have been 
used in forming the synthetic spectra. Relatively small changes in the 
relative intensities of spectral lines or in the assumed line breadths or 
profiles may produce marked changes in the integrated spectra, particularly 
with regard to detailed features. It is, therefore, not surprising that there 
are discrepancies between the predicted and observed spectra. It can be 
seen that the addition of the more likely ‘‘forbidden”’ lines which might 
well be present (the auroral and nebular lines of O III, AA 4363, 4959, 
5007) will improve the agreement between observation and prediction. 
These lines are inserted with broken curves in Spectrum III of figure 1. 
The commonly occurring ‘forbidden’ lines that were omitted were the 
auroral lines (A 5755) of N II and (5577) of O I which seem not to be pres- 
ent, the corresponding nebular pair (A\ 6548, 6584) of N II, and (AA 6300, 
6363) of O I, the two latter pairs occurring in a part of the spectrum that is 
already very intense. The ‘‘forbidden’’ lines of Fe II were omitted because 
of difficulty in predicting the intensities; their positions are such as not 
greatly to affect the agreement. The same is true for the “‘forbidden’”’ lines 
of Fe III. 

The early minimum at \ 6140 appears to be an absorption feature rather 
than a gap between emission lines; it disappears relatively soon (between 
25 and 40 days after maximum). In view of the strong evidence for rela- 
tively low temperatures and the fact that there may be a temperature 
gradient in the atmospheres of supernovae, it seems quite possible that this 
feature, and perhaps some other features of the early spectra, may arise 
from molecular absorption in the outer levels of the atmospheres. The 
strong absorption band of TiO, with a head at \ 6159, would produce an 
absorption feature at almost precisely the observed position after allowance 
is made for a velocity of approach. A study of Ohman’s paper on the red 
spectra of the cool stars’* suggests, however, that other TiO bands, in- 
compatible with the observed features of supernova spectra, might then 
be expected in the blue-green regions. 

Another feature that may possibly be of molecular origin is the wide 
minimum at \ 3800, which is best shown in Popper’s spectra of the super- 
nova in I. C. 4182, taken in the early stages.” This minimum is strongly 
reminiscent of the CN absorption shown so conspicuously by Nova Herculis 
a few days after maximum. 
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There is at the present time no consistent interpretation for the powerful 
emissions around \ 5300 in the later stages, or for the minimum near \ 6300 
that occurs about a hundred days after maximum; however, at these 
wave-lengths the atomic spectra are relatively less well known, and it is 
also possible that higher excitation of well-known elements may be com- 
plicating the problem. 

The spectra of CIV, NIV, N V, OIV, OV and O VI studied by the 
writers provide a conspicuous maximum in the blue, similar to that ob- 
served in the later stages of the supernovae. They are not included in 
the present discussion, however, because the agreement with observations 
in the other spectral regions is poor. 

Although not shown in figure 1, the integrations have also covered the 
ultra-violet regions down to \ 3000, and indicate that under the observa- 
tional conditions the almost complete absence of visible features of wave- 
lengths shorter than ) 3600 is exactly what would be predicted. 

The tentative physical picture of a supernova outburst, consistent with 
the present discussion, bears a general resemblance to the accepted picture 
of a nova outburst. An enormous expulsion of matter from a star’s exterior 
occurs within a relatively short time, accompanied, of course, by extremely 
high temperatures at low levels of the effective atmosphere. As seen ex- 
ternally, however, the various processes of absorption and emission serve 
to transform the high-temperature radiation to a continuum of low effective 
temperature. As the total rate of radiation decreases with time, the level 
of the effective photosphere in the semi-transparent atmosphere drops 
rapidly, and an increase in the observed effective temperature occurs. A 
large temperature gradient exists in the atmosphere, so that the distribu- 
tion of radiation deviates more and more from any semblance of black- 
body radiation,’ the strength of the continuum decreases and emission 
lines of widely different states of excitation are simultaneously observed. 
Because of the rapid drop in total radiation, the large physical dimensions 
(many astronomical units) of the atmosphere, and possibly also because of 
an only moderate rise in effective temperature, a condition develops that 
more nearly resembles Wolf-Rayet emission than a late-stage nova emission. 
Forbidden lines possibly may not predominate at any stage of a supernova 
outburst. 

The remarkable similarity of the spectra of various supernovae (as com- 
pared with the dissimilarity among various novae), the probable low abun- 
dance of hydrogen (and possibly of oxygen) and the high abundance of 
helium and iron suggest a uniformity among the stars that become super- 
novae. An interpretation is difficult at the present time. The relative im- 
portance of helium, carbon and nitrogen in the spectra of supernovae is of 
especial interest because of Bethe’s recent theory” of stellar energy genera- 
tion based on a carbon-nitrogen (hydrogen) chain of atomic transformations. 
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The low packing fraction of iron and the apparent abundance of the element 
in the supernovae seem possibly to be related." 

The authors are especially indebted to Dr. L. Goldberg for advice with 
regard to the theory of line intensities, and to Drs. B. Edlén and P. Swings 
for use of their unpublished data on the spectrum of Fe III. 
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MICELLE FORMATION IN AQUEOUS SOLUTIONS OF DIGITONIN 
By Emu L. SmitH* anp Epwarp G. PICKELS 


LABORATORY OF BIOPHYSICS, COLUMBIA UNIVERSITY, AND THE LABORATORIES OF THE 
INTERNATIONAL HEALTH DIVISION OF THE ROCKEFELLER FOUNDATION, NEw YORK 


Communicated February 16, 1940 


(1) The well-known experiments of McBain and his collaborators! 
established that micelles are formed in aqueous solutions of electrolytes 
such as soaps and other paraffin-chain salts, particularly those of the 
sulphonic acids. The methods of detecting micelle formation have usually 
consisted in showing that measurements of conductivity, freezing point, 
dew point, etc., deviate from those predicted for the individual ions. 
Since such methods portray only the average behavior of many particles, 
they have yielded no information regarding the size or quantity of the 
micelles in solution. 

Using the ultracentrifuge to investigate particle size, we have found 
that a nonelectrolyte, the glucoside digitonin, forms large micelles in 
aqueous solution. It is known that the digitonin molecule possesses a 
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hydrophobic nucleus similar to that of the sterols, and several carbohy- 
drate side-chains of hydrophylic nature. It is probable that micelle 
formation may occur in aqueous solutions of many other substances which 
are partly hydrophobic and partly hydrophylic. 

(2) The digitonin was obtained from Eimer and Amend, New York, as 
“crystalline digitalin’’ and should not be confused with the true digitalin, 
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Sedimenting boundary of 2.5 per cent digitonin after 1 hour of centrifugation at 780 
revolutions per second. The dotted line indicates the base line for water at the same 
speed. 


a cardiac glycoside. The preparation used in this study gave the familiar 
digitonide precipitation reaction when it was added in alcoholic solution to 
cholesterol. For centrifugation the digitonin was dissolved in distilled 
water by slowly heating to boiling, and then cooling to room temperature. 
A 5 per cent solution showed only a faint opalescence. 

All of the measurements were made using the air-driven ultracentrifuge 
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of Bauer and Pickels.* The sedimentation velocity of the digitonin was 
determined by centrifuging at 780 revolutions per second, which was 
equivalent to an average torce of 160,000 gravity. Observations of the 
sedimentating material were made by a direct-reading refractive index 
method designed especially for the ultracentrifuge and utilizing a scanning 
system similar to that described by Longsworth‘ for electrophoresis meas- 
urements. The distribution of the micelles was recorded at 20-minute 
intervals by photographing the refractive index diagram. The runs were 
carried out at temperatures in the neighborhood of 25°C. 

Figure 1 shows a tracing of a magnified refractive index photograph 
made with a 2.5 per cent digitonin solution 60 minutes after the centrifuge 
was brought to full speed. All of the photographs have shown only one 
discrete sedimenting boundary which was characteristic of an approxi- 
mately homogeneous group of particles. 

The sedimentation velocity of the micelles was estimated from curves 
such as the one illustrated by measuring as a function of time the successive 
displacements from the meniscus of the peak, which corresponds to the 
mean position of the diffuse boundary. Using the values for the viscosity 
and density of water and correcting the data to 20°C., the sedimentation 
constants were computed from the sedimentation velocities. Six inde- 
pendent determinations gave the following values: 5.35, 6.15, 5.33, 5.67, 
6.36 and 6.41 X 10-'% cm. sec.~! dyne~!. These yield an average value 
for Seo of 5.88 X 10-™ cm. sec.~! dyne—! with an average deviation of less 
than 7 per cent. 

One of the runs was made with 0.63 per cent digitonin; its sedimentation 
constant lies within the range of the other determinations which were made 
with 2.5 per cent solutions. Freshly prepared solutions or those several 
weeks old gave similar values. Some of the observations were made while 
studying the effect of digitonin on the chloroplast protein of spinach; no 
correlation was found between the sedimentation velocity of the digitonin 
micelle and the protein concentration, which varied up to about 1 per cent, 
even though the chlorophyll migrated together with the digitonin micelles. 

(3) The concentration of material sedimenting at a measured rate can 
be estimated by measuring the area under the respective refractive index 
curve, if the refractive indices of solution and solvent are known. The 
differential refractive index, and hence the concentration, is directly pro- 
portional to the area. The solutions used were all originally made up to 
a concentration of 5 per cent. With one of these solutions, a refractive 
index determination was made which in itself had no significance as an 
absolute value since the material was of unknown purity and contained 
some water of crystallization. However, this determination could be 
used for estimating the relative concentration of the sedimenting material 
since the same solution was used for both measurements. 
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The refractive index of the 5 per cent solution at 20°C. was 1.3402; 
that of water measured with the same refractometer was 1.3328. There- 
fore, the differential refractive index of 2.5 per cent digitonin was 0.0037. 
Measurements on the photographs taken during centrifugation indicated 
a differential refractive index of 0.00368 for the sedimenting boundary. 
This shows that in a solution of this concentration practically all of the 
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FIGURE 2 


Refractive index curve of 5 per cent sodium desoxycholate after centrifuging for 90 
minutes at 780 revolutions per second. 


digitonin molecules are in the form of micelles of only one well-defined 
size. Nevertheless, there must be an equilibrium between these large 
micelles and a few smaller particles, probably the individual molecules, 
since the digitonin can be completely dialyzed through a cellophane mem- 
brane which will not permit the passage of particles even a tenth the 
probable size of these micelles. 


(4) The exact micellar size cannot be computed because the shape and 
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density of the particles are unknown. A minimum value of the micellar 
weight can be obtained by assigning a maximum possible density value and 
applying Stokes’ law. Since approximately half of the digitonin molecule 
is lipoidal in character, the average density is quite unlikely to be higher 
than that of most proteins, i.e., 1.33. With this value as an upper limit, 
the micellar weight is computed to be approximately 75,000. Since the 
molecular weight of digitonin is 1228, the micelles are extremely large, 
involving at least 60 of the primary molecules. The true micellar weight is 
undoubtedly larger than 75,000 since hydration, a lower density or any 
deviation from spherical shape would yield a larger size as computed from 
the observed sedimentation constant. 

From the shapes of the refractive index curves of the sedimenting mi- 
celles, it is possible to determine the homogeneity of the particles and, if 
homogeneous, to obtain an approximate diffusion constant. The curves 
obtained were nearly symmetrical about the peak positions throughout 
the centrifugation, and showed a smaller spread than that expected for a 
micellar weight of 75,000. This shows not only that the particles are 
homogeneous, but that the true micellar weight must be higher than 75,000. 

The diffusion constant estimated from the spread of the sedimenting 
boundary was 4.0 X 10~7 cm.’ per sec., it being fully recognized that values 
obtained in this way from sedimentation curves are only approximations. 
If the particles are spherical, this indicates that the true micellar weight 
may be as high as 400,000 and the density as low as 1.10. 

(5) Aqueous 5 per cent solutions of sodium desoxycholate and a 
crystalline preparation of bile salts (mostly sodium glycocholate) were also 
studied. It wasof considerable interest to test these substances since they 
possess a hydrophobic nucleus similar to that of digitonin, but differ in that 
they are electrolytes. The refractive index curves of these substances 
showed no detectable quantities of micelles of more than afew thousand in 
molecular weight. The type of curve obtained (Fig. 2) was characteristic 
of particles of relatively low molecular weight, there being no boundary 
but only a decrease of concentration in the upper part of the solution and 
some increase in the lower section. The shape of the curve changed little 
even on prolonged centrifugation. A similar result was obtained with 
solutions of sodium dodecy] sulphate. 

(6) The random spread of particle size exhibited by the more familiar 
colloidal aggregates such as gold sols has usually been accepted as a dis- 
tinguishing characteristic of colloids in general, in contrast to the well- 
defined molecular sizes of pure protein preparations. The homogeneous 
micelles of digitonin provide an interesting example of a ‘“‘colloidal’’ 
particle, which is not consistent with this viewpoint, and it is quite possible 
that other substances of mixed hydrophobic and hydrophylic nature which 
act as detergents may also show this property. Large micelles are not 
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likely to be found among the electrolytes; this is indicated by the three 
studied by us, and also by those studied by McBain and Laing-McBain.’ 

Detergents have long been used for the dispersal of various types of sub- 
stances of biological interest, particularly the proteins. It is important 
to emphasize that the detergent may not only affect the proteins studied 
but that some of its properties such as the molecular size may fall within 
that range usually considered to be characteristic of proteins alone. 

Summary.—Ultracentrifugal observations using a direct reading re- 
tractive index method have been made on aqueous solutions of digitonin. 
Practically all of the digitonin exists in the form of micelles of homogeneous 
size, with an average sedimentation constant of 5.88 X 10~—!* cm. per dyne 
per sec. The micellar weight is likely to lie within the range of 75,000 to 
400,000, as contrasted with a molecular weight of 1228. 


* John Simon Guggenheim Memorial Fellow. 


1J. W. McBain, and C. S. Salmon, Jour. Am. Chem. Soc.,42, 426 (1920); J. W. Mc- 
Bain, and M. D. Betz, Jbid., 57, 1905 (1935). 

2G. S. Hartley, ‘‘Aqueous Solutions of Paraffin-Chain Salts. A Study in Micelle 
Formation,” Actualités scientifiques et industrielles, No. 387, Hermann et Cie., Paris 
(1936). 

3 J. H. Bauer, and E. G. Pickels, Jour. Exp. Med., 65, 565 (1937); E. G. Pickels, Rev. 
Sct. Inst., 9, 358 (1938). 

4L. G. Longsworth, Jour. Am. Chem. Soc., 61, 529 (1939). 

5 J. W. McBain, and M. E. Laing-McBain, Proc. Roy. Soc. London, A, 139, 26 (1933). 


A SET OF POSTULATES FOR BOLYAI-LOBATCHEVSKY 
GEOMETRY 


By FREDERICK P. JENKS 
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF NOTRE DAME 


Communicated March 12, 1940 


1. Introduction.—In some recent papers! Menger proved that all con- 
cepts of the Bolyai-Lobatchevsky geometry can be defined in terms of the 
operations ‘‘joining’’ and “intersecting,” basic to his algebra of projective 
and affine geometry, as well as to G. Birkhoff’s lattice theory. It follows 
that a complete foundation of non-Euclidean geometry can be given in 
terms of these two concepts, e.g., by substituting into the ordinary postu- 
lates Menger’s definitions of the concepts ““between,”’ “‘parallel,’’ ‘“‘con- 
gruent,” etc., in terms of joining and intersecting. Since postulates ob- 
tained in this way would be very cumbersome, there arose the problem of 
establishing some simple direct postulates concerning the two operations 
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from which the non-Euclidean geometry could be developed. In what 
follows we give a list of eight postulates from which the whole theories of 
order and parallelism in non-Euclidean geometry can be derived. 

We restrict ourselves to the case of the plane and use the concepts of 
“point,” “line” and “‘lies on,’’ which as is well known can be derived 
from the operations of joining and intersecting. Our present definitions 
of betweenness and parallelism differ from those originally given by Menger 
in that they avoid the use of ‘‘maximal triangles,” and are stated directly 
in terms of the primitive notions. 

2. The Postulates.—The following postulates will be assumed. 

I. If A and B are any two distinct points, there exists exactly one 
line m such that both A and B lie on m. 

II. Each line contains at least five distinct points. 

III. There exist at least three non-collinear points. 

IV. Ifa, } are any two distinct interesecting lines, and P is a point not 
on a or 3b, then there exists at least one line through P which intersects a, but 
not b. 

V. Ifa, } are any two non-intersecting lines, and P is any point not 
on a or 3, then there exists a line through P which intersects neither a nor b. 
VI. If A, B, C are distinct collinear points, and if there exist lines a 
and a’ through A, } and b’ through B, c and c’ through C, such that 

1) band c intersect, but neither meets a, 

2) a’and d’ intersect, but neither meets c’, 
then each line through B meets at least one line of every pair of inter- 
secting lines which pass through A and C, respectively. 

VII. Ifa, 5, c are three mutually non-intersecting lines, and if there 
exists a line meeting both a and 8, but not c, and also a line meeting 5 and c¢, 
but not a, then through any point of a, there exists a line meeting 6 but 
not ¢. 

VIII. Ifa is a given line, then through any point not on a there exist 
at least two distinct lines which do not intersect a. 

Postulate VIII is the only one which is not satisfied equally in the Eu- 
clidean plane, VI and VII being vacuously satisfied there. All but IV 
and VIII are true even in the projective plane. 

3. The Theory of Order.—We say of three distinct points A, B, C that B 
lies between the two other points A and C, if every line through B intersects 
at least one line of each pair of intersecting lines which pass through A and 
C, respectively. We show that any three points satisfying this definition 
must be collinear, and that the triadic relation so defined satisfies the 
conditions for a betweenness relation given by Huntington and Kline.’ 
Moreover, we derive the statement known as the axiom of Pasch: Ifa 
line meets one side of a triangle in an interior point, then it meets exactly 
one of the other two sides in an interior point, or passes through the op- 
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posite vertex. Finally, the plane is shown to be convex and externally 
convex, i.e., to each pair of points A, C, there exist two points B, D such 
that B lies between A and (, and C lies between A and D. These results 
imply that each line separates the plane into two parts. 

4. The Theory of Parallelism.—Two non-intersecting lines a and b are 
said to be parallel if there exists a point P such that through P there is at 
most one line which meets neither a nor 6. This definition is proved to be 
independent of P in the sense that each point lying between a and 6 has the 
same property as P. Here we say that the point Q lies between the non- 
intersecting lines m and n if there exists a line through Q which intersects 
m and n in points M and N, respectively, such that Q lies between M and 
N. The relation of parallelism is clearly symmetric, and has the property 
that if a is a parallel to b through a point Q, and if R is any other point of a, 
then a is also a parallel to b through R. 

Let c be a line which intersects two parallels a, } in the points A, B, 
respectively, and P be a point of a, distinct from A. We say that a and db 
are parallel on the side of c on which P lies, if there exists a line through P 
intersecting c in a point between A and B, but not intersecting b. Here 
again the definition is shown to be independent of the point P, for we 
prove that any point of a or b which is on the side of ¢ on which P lies may 
replace P in the definition. Of course, for a line c the lines a and b may be 
parallel on the side of c on which P lies, whereas for another line d, they 
might be parallel on the side of d opposite to that on which P lies. 

If a and b are parallel, and 5 and ¢ are parallel, and ¢ is a line intersecting 
each of the lines a, b, c, then a and c¢ are said to be parallel to the line b 
on the same side of the transversal ¢ if there exists a point P on } such that 
both a and 3, and } and ¢c are parallel on that side of ¢ on which P lies. 

Using these concepts, we prove the classical assumption that the relation 
of parallelism is transitive in a certain sense: If a and c are two lines 
which are parallel to b on the same side of a transversal, then a is parallel 
toc. Further, if c,d are two parallels to a line m through a point P, then c 
and d are parallel to m on opposite sides of any line through P meeting m, 
and hence there exist at most two parallels to any given line through a given 
point. 

For the full development of the above results, see the author’s papers 
in the Reports of a Mathematical Colloquium, Issue 1, pp. 45-48, Issues 2 and 
3 in press. 

1 Proc. Nat. Acad. Sci., 24, 486-490 (1938); Compt. Rend., Paris, 207, 458-460 (1938); 


Bull. Amer. Math. Soc., December, 821-824 (1938). 
2 Trans. Amer. Math. Soc. 18, 301-325 (1917). 
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A GENERAL THEORY OF SPECTRA. I 
By M. H. SToneE 


DEPARTMENT OF MATHEMATICS, HARVARD UNIVERSITY 
Communicated March 12, 1940 


The mathematical theory of spectra deals with the characteristic value 
problem (Eigenwertproblem) for linear operators, and provides a general 
unifying treatment for typical instances of the problem occurring in ap- 
plied mathematics. Of recent years the tendency to emphasize the 
algebraic aspects of the spectral theory has become more and more pro- 
nounced. This tendency is quite as evident in the applications as in the 
purely mathematical developments, being a characteristic feature of the 
quantum theory and of the Heaviside calculus. In the present note we 
sketch further steps in the direction of a thorough “‘algebraization”’ of the 
spectral theory: we shall show that without the mediation of any theory 
of integration it is possible to define general functions of operators and to 
elaborate their calculus. 

We consider a system R of elements a, }, c,. . ., which for purposes of 
illustration may be interpreted as operators, together with a special sub- 
system P of elements called “‘positive.’’ . We require that 

(1) in terms of addition and multiplication, R is a commutative, 
associative ring with unit e; 

(2) for each natural number 7 the equation nx = e has a solution in R; 

(3) sums and products of positive elements are positive, but a and —a 
are both positive only in case a = 0; 

(4) the square of any element is positive; 

(5) if a is given, there exists a natural number m such that ne + a is 
positive; 

(6) if e + na is positive for every natural number , then a is positive. 
These properties lead at once to a number of simple results: the elements 
of R admit multiplication by the rational numbers; each element a can be 
assigned a real number ||a|| as its norm; the elements of R can be par- 
tially ordered by defining a < b if b — a is positive and not equal to 0. 
We require further that 

(7) with the distance ||a — 6|| the system R is a complete metric 
space. 

Actually, of course, we should expect to be able to achieve the satisfaction 
of (7) by a completion process of familiar type, adjoining new elements 
to R so as to obtain an enlarged system R* with an enlarged class P* of 
positive elements enjoying all the properties (1)-(7). This proves to 
be the case. What we can now establish is this: The system R described 
above is algebraically isomorphic to the ring of ALL continuous real functions on 
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a certain bicompact Hausdorff space S(R), the positive elements of R corre- 
sponding precisely to the non-negative functions; and S(R) is uniquely deter- 
mined up to topological equivalences.' Since the continuous real functions 
on any bicompact Hausdorff space constitute a system with properties 
(1)-(7), it follows that these properties characterize in algebraic and ordinal 
terms such classes of real functions.' To prove these results, one com- 
bines general principles of algebra and topology with information concern- 
ing the existence and properties of square roots in the given system R. 
Without going into detail, it is of interest to observe that the determina- 
tion of the positive square root of a positive element a < e is most con- 
veniently effected through the continued fraction algorithm set up by con- 
verting the equation x? = a into the equivalent form (e + x) x = a+ x and 
writing the latter, at first in a purely formal sense, as « = e — (e—a)/(e+ x). 

It is now evident that, if a is any element of R and F (\) is any continuous 
real function defined for all real \, then F(a) can be uniquely interpreted 
as an element of R: for, if f is that continuous function on S(R) which 
represents a in the isomorphism described above,’ then F(f) is also a con- 
tinuous function on S(R) and thus represents a certain element of R which 
may appropriately be denoted as F(a). The development of a complete 
operational calculus of such functions of elements in R can therefore pro- 
ceed in an obvious way. If F is not continuous, F(f) cannot in general be 
correlated with an element of R but still has significance as a function on 
S(R). Consequently, R can be so enlarged that F(a) has meaning in the 
extended system even when F is not continuous: for example, in dealing 
with bounded functions F, we may use as the extended system the class of 
all bounded real functions on S(R), for which properties (1)—(7) are readily 
verified. If it is desired to treat non-bounded functions F, a similar pro- 
cedure is possible but the extension of R employed cannot in general have 
properties (5) and (7). 

In many cases, however, no enlargement of R is necessary in order to 
set up an operational calculus in terms of a wide class of discontinuous 
functions F. Let us require that, instead of the property (7), R have the 
property 

@") # {a,} is a sequence of positive elements with a, = a, + ;, then it 
has a greatest lower bound. 

Property (7’) implies property (7); moreover, 7 is equivalent to the fol- 
lowing property of the associated space S(R): every bounded Batre function 
on S(R) differs only on a set of first category from a continuous function 
uniquely associated with it. In the proof of this equivalence, we establish 
further that both property (7’) and the property of S(R) indicated above 
are equivalent to the following property: S(R) is the representative Boolean 
space® for a completely additive Boolean algebra, which can be realized by 
means of the idempotent elements of R. Returning to the interpretation 
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of F(a), we see at once that, when R has property (7’) and when F is a 
bounded Baire function, F(f) is a bounded Baire function on S(R) deter- 
mining a unique continuous function and a unique corresponding element 
of R, which may appropriately be denoted as F(a). We thus obtain a com- 
plete operational calculus with bounded Baire functions F, applicable en- 
tirely within the system R. It is not difficult to see that (7’) is essentially a 
necessary as well as a sufficient condition for the constructibility of such a 
calculus. 

The general concepts outlined above can be illustrated or applied in a 
variety of ways. Examples of systems R which lead to unexpected inter- 
pretations and results are: the class of all bounded continuous real func- 
tions on an arbitrary topological space;! the class of all bounded Lebesgue 
measurable functions on a general domain, a function being considered 
positive if it is negative only on a set of measure zero. It is verifiable by 
quite elementary considerations that any abelian ring of bounded self- 
adjoint operators in Hilbert space is a system R which possesses property 
(7’) in a much strengthened form. The present theory therefore includes as 
a special case the simultaneous spectral analysis of any number of mutually 
permutable bounded self-adjoint operators together with the development 
of their operational calculus. In order to treat non-bounded operators, it 
suffices to use one of the available methods for reduction of the non-bounded 
to the bounded case. Interpreting this instance of a system R in physical 
terms, we have a treatment of any system of real, simultaneously observ- 
able physical quantities as envisaged in the quantum theory.‘ The formal 
systems described by Steen® as a basis for an abstract analogue of the 
theory of self-adjoint operators can be brought into intimate relation with 
the present theory, as one would expect; but it should be observed that 
Steen’s considerations remain on a more formal level than ours, in the 
sense that they do not serve to identify the systems considered. There 
exist similar connections between the present note and a theory initiated by 
von Neumann;*® but our results apply only to associative subsystems of 
von Neumann’s non-associative algebras. In the present outline, we have 
had occasion to make certain references to the theory of Boolean algebras. 
That these references are neither accidental nor forced appears from the 
fact that the general theory of such algebras as we have developed it else- 
where® is a special instance of the present theory: if one considers the 
formal linear forms with rational coefficients built from an abstract Boolean 
ring A and treats them in an appropriate way, as though they represented 
“step-functions,” one obtains a system R which can be completed so as to 
have properties (1)—(7); the resulting bicompact Hausdorff space is pre- 
cisely the Boolean space attached to A. Actually it is simpler to develop 
the theory of Boolean algebras independently, since many aspects of the 
general theory described here either become trivial or can be circumvented 








an ina t- eis 








VoL. 26, 1940 MATHEMATICS: G. A. MILLER 283 


in a direct treatment of this special case. Finally, we observe that the 
concepts of the present note illuminate (and even introduce certain tech- 
nical simplifications into) recent work of Bochner on finitely additive 
integrals’ and of Bochner and Wecken on almost periodic functions.*® 

In a second note we shall discuss the parallel between the present theory 
and certain results of the theory of linear lattices. In particular we shall 
show that the general principles developed here carry over to yield an inte- 
gration-free treatment of Riesz’s operational calculus in a linear lattice.® 

1 For discussions of the properties of continuous functions involved in this context, 
see M. H. Stone, Trans. Am. Math. Soc., 41, 375-481 (1937), especially Chapter III; 
and E. Cech, Ann. Math. (2) 38, 823-844 (1937). 

2 The range of this function f is the spectrum of a. 

3 See M. H. Stone, Joc. cit.,1 especially Chapter I, and the earlier work cited there. 

4P. A. M. Dirac, The Principles of Quantum Mechanics, 1931. 

5S. W. P. Steen, Proc. Lond. Math. Soc. (2) 41 361-392 (1936); 43, 529-543 (1937); 
44, 398-411 (1938); 45, 562-578 (1939). The last two papers are concerned with 
non-commutative systems closely related to those cited in ref. 6. 

6 J. von Neumann, Matematicheskit Sbornik, 1 (48) 415-484 (1936). 

7S. Bochner, Ann. Math. (2) 40, 769-799 (1939). 

8S. Bochner, loc. cit.;7 F. J. Wecken, Math. Zeit., 45, 377-404 (1939). 

9 F. Riesz, Ann. Math. (2) 41, 174-206 (1940). 


THE GROUPS WHICH CONTAIN EXACTLY FOURTEEN PROPER 
SUBGROUPS 


_ By G. A. MILLER 
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS 
Communicated February 23, 1940 


Every abelian group whose order is the product of four distinct prime 
numbers is cyclic and contains exactly fourteen proper subgroups. If the 
order of an abelian group is divisible by three and only three distinct prime 
numbers and contains exactly fourteen proper subgroups it is cyclic and 
this order is of the form pipeps*, pi, p2 and ps3 being any three distinct prime 
numbers. Moreover, every such group contains exactly fourteen proper 
subgroups. If the order of a cyclic group has only two distinct prime 
factors and this group contains exactly fourteen proper subgroups this 
order is of one of the following two forms p; 2’, p:°p2*, p; and p2 being dis- 
tinct prime numbers, and every such group contains exactly fourteen proper 
subgroups. 

If an abelian group whose order has. two distinct prime factors is non- 
cyclic it is the direct product of its two Sylow subgroups and one and only 
one of these Sylow subgroups is non-cyclic if the group contains exactly 
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fourteen proper subgroups. This non-cyclic group may be the group of 
order 8 and of type 2, 1 while the other Sylow subgroup is an arbitrary 
group of odd prime order, or it may be the non-cyclic group of order 25 
while the other Sylow group is an arbitrary group of prime order with the 
exception of the group of order 5. Hence there are two and only two such 
non-cyclic abelian groups, whose orders are of the form 8p and 25), re- 
spectively, where p is any prime number except one in each case. Ifa 
prime power group is abelian and contains exactly fourteen proper sub- 
groups it is of order 8 and of type 1* if it has as many as three invariants, of 
order 169 and of type 1? if it has two invariants, and of order p” if it is cy- 
clic. Hence there are nine abelian groups which separately contain exactly 
fourteen proper subgroups. Seven of these are infinite systems of groups 
while two are individual groups. 

If a non-abelian prime power group contains exactly fourteen proper 
subgroups this prime number cannot exceed 3 since a non-abelian group 
whose order is a power of an odd prime number / contains a non-cyclic in- 
variant subgroup of order p?. If this prime number were 3 then G would 
contain an invariant subgroup of order 27 which would involve exactly 
8 subgroups but it would then also involve 13 subgroups of order 3 since 
it could not contain a subgroup of order 81 which involves exactly 12 sub- 
groups. Hence the order of G must be a power of 2 if G is a non-abelian 
prime power group and contains exactly fourteen proper subgroups. It 
would involve an invariant cyclic subgroup of order 8 since the groups of 
order 16 which do not involve such an invariant subgroup involve at least 
13 proper subgroups. As this is impossible it has been proved that no 
non-abelian prime power group contains exactly fourteen proper sub- 
groups. Before considering the non-abelian groups which contain exactly 
fourteen proper subgroups and have separately an order which is divisible 
by two distinct prime numbers it may be desirable to consider a general 
theorem which proves the existence of several of these groups as special 
cases. Consider the dihedral group of order 2p, p being an odd prime 
number, and establish a p, 2”~' isomorphism between it and the cyclic 
group order 2”. The resulting group is of order 2” and it contains p + 1+ 
2 (m — 1) proper subgroups since it contains a set of p conjugate cyclic 
subgroups of order 2”. It is of an arbitrary even order beginning with 
the order p + 1. Moreover, when the values of p and m are given, there 
is one and only one such group. Hence there results the following THEO- 
REM: When p is an arbitrary odd prime number and m is an arbitrary positive 
integer there is a non-abelian group of order p2” which contains exactly p + 
1 + 2 (m — 1) proper subgroups. 

If we let pb + 1 + 2 (m — 1) = 14 there results one group from this 
theorem for each of the prime numbers 3, 5, 7, 11, 13. Hence there re- 
sult therefrom five non-abelian groups which separately contain exactly 
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fourteen proper subgroups and are of the following orders: 192, 160, 112, 
44, 26. It should be noted that this theorem yields at least one non- 
abelian group which has an arbitrary even number of proper subgroups 
greater than 2. When the even number is 4 this theorem yields the non- 
cyclic group of order 6. There is in this case also the quaternion group 
which contains exactly four proper subgroups but does not come under 
this theorem. Since the cyclic group of order p”, p being an arbitrary 
prime number, contains exactly m — 1 proper subgroups there is at least 
one group which contains an arbitrary given number of subgroups, and from 
the theorem of the preceding paragraph it results that there are at least 
two groups which contain exactly any given even number of proper sub- 
groups whenever this even number exceeds 2. The number of these sub- 
groups exceeds the number of odd prime numbers which are less than this 
even number. 

When the non-abelian group G contains exactly fourteen proper sub- 
groups and has an order which is divisible by two and only two distinct 
prime numbers the larger of these prime numbers cannot exceed 13 and 
when it is 13, G either comes under the theorem noted above or it is the 
semi-metacyclic group of order 39. When the larger of these prime num- 
bers is 11 there is again one group besides the one which comes under the 
given theorem, viz., the group obtained by establishing a 11, 5 isomor- 
phism between the semi-metacyclic group of order 55 and the cyclic group 
of order 25. When the larger of the two prime factors of the order of G is 
7 there is again one group besides the one which comes under the given 
theorem, viz., the one obtained by establishing a 7, 27 isomorphism be- 
tween the semi-metacyclic group of order 21 and the cyclic group of order 
81. 

When the larger of the two prime factors of the order of G is 5 the addi- 
tional group besides the one resulting from the given theorem is obtained 
by establishing a 5, 2 isomorphism between the dicyclic group of order 20 
and the cyclic group of order 8. It remains to consider the possible groups 
when the larger of the prime factors which divide the order of Gis 3. The 
number of the Sylow subgroups whose orders are powers of 3 could then 
not exceed 4. In fact, it will be seen that this number could not be 4 since 
G would then be isomorphic with the tetrahedral group and hence it would 
contain an invariant subgroup of index 3 which would itself contain three in- 
variant subgroups of index 2. This subgroup of index 3 could not be of 
order 8 since the non-twelve group of order 24 contains exactly thirteen 
proper subgroups. It could not be of order 12 since the corresponding 
group of order 36 also contains exactly thirteen subgroups. As it could not 
be of any larger order it results that the Sylow-subgroup whose order is a 
power of 3 is invariant under G when G involves exactly fourteen proper 
subgroups. 
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The Sylow-subgroups of G whose order is a power of 2 cannot be in- 
variant since G is not the direct product of its Sylow-subgroups. If the 
number of these Sylow-subgroups is 9 then G is the dihedral group of 
order 18. It remains to consider the case when G contains three Sylow 
subgroups whose order is a power of 2 and an invariant subgroup whose 
order is a power of 3. This invariant subgroup could not have an order 
which exceeds 3 and hence G is the dihedral group of order 12 since the 
case when it is a 3, 32 isomorphism between the non-cyclic group of order 
6 and the cyclic group of order 64 comes under the theorem noted above. 
It may be added that the dihedral group of order 12 is the direct product of 
the group of order 2 and the non-cyclic group of order 6. Combining 
these results it follows that there are eleven non-abelian groups which sepa- 
rately contain exactly fourteen proper subgroups and whose orders are divisible 
by two distinct prime numbers. These are all individual groups in the 
sense that none of them represents an infinite system of groups. 

A group which contains no more than fourteen proper subgroups is 
clearly solvable and hence its order cannot be divisible by as many as 
four distinct prime numbers when it is non-abelian. If its order is divisible 
by exactly three distinct prime numbers it may be the direct product of the 
dihedral group of order 10 and a group of prime order when this order is 
neither 2 nor 5. It may also be the direct product of the dicyclic group of 
order 12 and the group of order p, where p is any prime number which ex- 
ceeds 3. No one of these three prime numbers which divide the order of G 
can exceed 5 unless G is the direct product of two groups of which one is of 
this prime order. If the order of G is divisible by 5 and G is not the direct 
product of a group of order 5 and some other group then G must contain 
the dihedral group of order 10 and be the direct product noted above. If 
G is the direct product of a group of prime order and a non-abelian group 
whose order is not divisible by as large a prime order as 5 then G is the direct 
product noted above. Hence there results the following THEorEM: The 
total number of groups which separately contain exactly fourteen proper sub- 
groups 1s twenty-two. 
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EQUILONG SYMMETRY WITH RESPECT TO ANY CURVE 
By EDWARD KASNER 
DEPARTMENT OF MATHEMATICS, COLUMBIA UNIVERSITY 
Communicated February 21, 1940 


1. Introduction.—In this paper, we shall define a certain geometric 
operation, called equilong symmetry. This may be considered as a kind of 
dual of conformal symmetry, which is identical with Schwarzian reflection 
in an arbitrary analytic curve. Equilong symmetry is defined for an 
arbitrary base curve in line geometry. The conformal theory is limited 
to space of two dimensions, but the equilong theory is readily extended 
to three or more dimensions. 

When the base curve is a circle, conformal symmetry becomes Moebius 
inversion. On the other hand, when the base curve is a circle, the analo- 
gous equilong symmetry does not become Laguerre inversion, but a new 
correspondence, which we call K inversion. 

Conformal transformations are correspondences between the ? points 
of the plane which preserve or reverse the angle between the two directions 
of any two curves at their common point of intersection. Equilong trans- 
formations are correspondences between the ~? lines of the plane which 
preserve or reverse the distance between the two points of contact of any 
two curves along their common tangent line. Conformal transformations 
are defined by monogenic functions of the complex variable x + ty where 
7? = —1 and (x, y) are the cartesian coérdinates of a point; whereas equi- 
long transformations are given by monogenic functions of the dual variable 
u + jv where j? = 0 and (w, v) are the hessian or equilong coérdinates of a 
line. 

For any given curve C, there is a unique reverse conformal transforma- 
tion S, which leaves fixed the points of C; and also there is a unique reverse 
equilong transformation S*, which leaves fixed the tangent lines of C. The 
correspondence S is called conformal symmetry (Schwarzian reflection), 
and the correspondence S* is said to be equilong symmetry. The latter is 
our new operation which, in the present paper, we shall consider briefly 
with respect to an arbitrary curve, and then rather extensively with respect 
to a circle.! 

In studying the line geometry of the plane, a lineal element £ is usually 
defined by the hessian coérdinates (u, v, w). But we shall find it more 
convenient to define a lineal element E by the equilong codrdinates (x, y, p = 
dy/dx). The hessian and equilong coérdinates are connected by the rela- 
tions 


x = tan u/2, y = $v sec? u/2, p = w + v tan u/2. (1) 
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The inverse of this correspondence is 


2y 2Qxy 


2 glen ee 








u = 2arc tanx,v = (2) 
We wish to emphasize here that the equilong coérdinates are not the car- 
tesian coérdinates of an element £ although the notation is the same. 

2. The Group Giym of Equilong Symmetries and Translations—The 
equilong symmetry S* with respect to the curve C: y = f(x) is defined as 
the unique reverse equilong correspondence which leaves fixed the tangent 
lines of C. By imposing this condition upon the set of reverse equilong 
transformations, the following proposition is found to be true. 

THEOREM 1. The unique equilong symmetry S* with respect to the curve 
C: y = f(x) ts given by ; 


X =x, Y= —y + f(x). (3) 


By means of the direct equilong correspondence X = x, Y = y — f(x), 
it may be shown that any equilong symmetry is the transform of the 
ordinary point symmetry through the origin X = x, Y = —y under the 
group G of direct equilong transformations. 

When the curve C is given, the real construction of the conformal sym- 
metry S is extremely difficult and has been accomplished in our previous 
work by successive approximations, using the normals to C and the curva- 
ture y and the higher derivatives of for all orders with respect to the arc 
length s of C.? On the other hand, it is found by means of the preceding 
equations that when C is given, the direct construction of S* iseasy. Let / 
be any (oriented) line in the plane. Construct the tangent line ¢ of the 
curve C which is parallel to /. (Two oriented lines are parallel if their 
point of intersection is at infinity and also if they possess the same orienta- 
tion.) The correspondent L of / under S* isa line parallel to both / and ¢ 
such that ¢ is the bisector of the perpendicular distance between / and L. 
Thus we have 


THEOREM 2. The construction of the equilong symmetry S* with respect 
to a curve C is accomplished by means of ordinary symmetry in the respective 
parallel tangent lines of C. 

The product of two equilong symmetries S}ST is not an equilong sym- 
metry. We shall call any such transformation an equilong translation. 

THEOREM 3. Any equilong translation is given by 


X=x,Y=y + g(x). (4) 


By means of the direct equilong transformation X = f (x/g)dx, Y = 
(x/g)y, we find that any nonidentical equilong translation is the transform 
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of the ordinary translation X = x, Y = y + x under the group of equilong 
transformations. 

The group generated by all conformal symmetries has already been dis- 
cussed in another of our papers.* The main result of this preceding paper 
is that any conformal transformation is the product of a finite number (not 
exceeding four) of conformal symmetries followed by an homethetic transforma 
tion. Concerning the group generated by equilong symmetries, we discover 
the following conclusion. 

THEOREM 4. The group generated by equilong symmetries 1s a certain 
mixed group Gym consisting of equilong symmetries and translations, ex- 
pressed as follows 


X=2«,Y = ¥y + Y(x). (5) 


In the dual variable z = x + jy, 7? = 0, this mixed group Gaps may be 
written as 


Z=2+p(2),Z=2+ W(2), (6) 


where in either case the function y is a power series with real coefficients 
and z = x — jy is the conjugate of z = x + jy. The first is an equilong 
symmetry and the second is an equilong translation. 

Any transformation of this group Giym may be defined as a line corre- 
spondence which carries any line into one parallel to itself, and which pre- 
serves or reverses the distance between any two parallel lines. Of course, 
Giym contains the group of equilong translations as a subgroup. 

3. The Group G;’ Generated by K Inversions.—In this section, we shall 
specialize our results of the preceding section to the case where the fixed 
curve isa circle. First, let us note that in equilong codrdinates any circle 
is represented by a vertical parabola 


y =ax?+ bx +. (7) 


We shall use C(a, b, c) as the coérdinates of a circle. 

Recalling that K inversion is defined as equilong symmetry with respect 
to the circle C(a, 6, c), we find that it is represented, in accordance with 
(3), by 

X =x, VY = —y + 2ax? + 2bx + 2c. (8) 


Any such transformation is the transform of ordinary point symmetry 
under a dilatation. Obviously 

Any K inversion carries any circle into a circle. 

The product S = S,, — ;Son —2...S2S: of an odd number of K inversions 
with respect to 2m — 1 circles is also a K inversion. To determine the 
circle C of S, we proceed as follows. Let Di, De, ..., Don — 1 denote the 
centers, and Sj, Ss, ..., So, —1 denote the end-points of the 2n — 1 parallel 
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radii of the circles of the 2x — 1 equilong symmetries. Let D,, be the 
point such that the vector sum of the alternate sides of the polygon whose 
vertices are D,, De, ..., Day — 1, Don is zero. Similarly let S;,, be the point 
such that the vector sum of the alternate sides of the polygon whose vertices 
are S;, Se, ..., Sen —1, Se, is zero. The circle whose center is D,,, and which 
passes through the point S,, is the required circle C of the K inversion S. 

The product of two K inversions with respect to two circles is not a K 
inversion. We shall call such a correspondence a K translation. Obviously 
any such transformation is of the form 


X=2x,V=yth?+kx tl. (9) 


From these equations, we find that any equilong translation is simply the 
product of an ordinary translation by a dilatation. By (9), it is immedi- 
ately seen that the set of all translations forms a three-parameter group G3. 

The group G; of K translations is a subgroup of the mixed three-param- 
eter group G; generated by all K inversions. This mixed group G; is 
given in equilong coérdinates by 


X=%x,VY= Fy + axr?+ dx +6. (10) 
In the dual variable, the mixed group G; may be written as 
3 (a + ja’)z + jb a (a + ja’)z + jb 
jez + (a + jd)’ jez + (a + jd)’ 
where a + 0, a’, b,c,d arereal numbers. The first is a K inversion and the 


second is a K translation. 
A Laguerre inversion may be written in the dual variable as 





(11) 





gu BES (12) 
a~—<€ 
where b, c are real numbers and a is the conjugate of the dual number a. 
This has the same form as a Moebius inversion written in the ordinary 
complex variable notation. The group generated by Laguerre inversions 
is the mixed six-parameter Laguerre group Gs 


_a+B ,_ atts 


= —, = q 13 
yz + 6 yz + 6 18) 





By comparing (11), (12) and (13), we find that a Laguerre inversion can 
never be identical with a K inversion, and conversely. Nevertheless we 
obtain the following result: 

THEOREM 5. Any K inversion is the product of three Laguerre inversions 
and any K translation is the product of two Laguerre inversions. 

It is significant to note that the K inversions do not generate the entire 
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Laguerre group G; of circle transformations but only a certain subgroup G; 
of it. These remarks show that the equilong theory is entirely different in 
this respect from the conformal theory, where conformal symmetry with 
respect to a circle is Moebius inversion and hence generates the entire 
mixed six-parameter Moebius group G;. 

4. Other Distinctions between the Two Theories. In the case of con- 
formal (Schwarzian) symmetry 5S, it is essential that the base curve C shall 
be analytic. (This is used in the theory of analytic prolongation.) But 
in the case of our new equilong symmetry S*, the base curve C may be 
any curve with continuously turning tangent (and even further generaliza- 
tion is possible). 

If we take a horn angle and bisect it in the conformal manner, the intrinsic 
quantities curvature and the first and second derivatives with respect to 
arc length take exactly the average values for the middle curve; this is not 
true of the third and higher derivatives.? 

If we bisect the horn angle in the equilong manner, then the appropriate 
intrinsic quantities are radius of curvature and derivatives with respect to 
inclination; and we find that these take average values for all orders.! Thus 
there are many analogies and many distinctions. 


1 Kasner, ‘Conformal and Equilong Symmetries,” Science, 83, 480 (1936). 

2 Kasner, ‘(Geometry of Conformal Symmetry (Schwarzian Reflection), Ann. Math., 
38, 873-879 (1937); Comenetz, ‘“‘Conformal Geometry on a Surface,” Ibid., 39, 863-871 
(1938). 

3 Kasner, “Infinite Groups Generated by Conformal Transformations of Period Two 
(Involutions and Symmetries),’’ Am. Jour. Math., 38, 177-184 (1916). 


PARTIALLY ORDERED SETS AND TOPOLOGY 
By ARTHUR N. MILGRAM 


DEPARTMENT OF MATHEMATICS, UNIVERSITY OF NOTRE DAME 


Communicated March 12, 1940 


1. Separating Systems.—In. the following we obtain the Brouwer reduc- 
tion theorem and the Borel covering theorems by applying theorems about 
partially ordered sets to systems of closed subsets of a topological space. 
Moreover, we formulate conditions on a partially ordered set P necessary 
and sufficient to guarantee the existence of a topological space having a 
basis of closed sets isomorphic to P. In both problems we use the notion of 
separating system. 

Let & be a collection of lower sections! of P. We call & a separating 
system (strong separating system) if for each x and y of P such that x < y 
(y not S x) there is a lower section L in the collection & such that x belongs 
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to L, and y does not belong to Z. In an analogous way a collection of 
upper sections may be defined to be a separating system. 

Many properties of partially ordered sets are consequences of the exis- 
tence of a separating system whose power is sufficiently small. 

2. Extremal Sequences and the Reduction Theorem.—Let P be a par- 
tially ordered set and & a separating system of power M. For each element 
x of P either there is an element x’ of P such that x’ < x and no element of 
P is < than x’, or there is a monotonically decreasing sequence x; = x, 
X2, ..+y Xq, -.. defined for all a < «x where «x is an ordinal number not exceed- 
ing the first ordinal of power M. Such a sequence is called a minimal se- 
quence starting with x. 

We shall call P lower inductive of power M if, whenever x, x2, .... is a 
monotonically decreasing sequence of elements of P of power not exceeding 
M, there exists an element x of P such that x < x, for each x, of the se- 
quence. Jf P is lower inductive of power M, and has a separating system of 
power at most M, then for each element x of P there exists at least one element 
x’ < x such that no other element of P is < x’. 

One consequence of this result is the Brouwer reduction theorem, since 
for a topological space having a denumerable basis, any partially ordered 
set of closed subsets has a denumerable separating system,? and the as- 
sumption that such a partially ordered set P is lower inductive of denumer- 
able power implies that each of the sets belonging to P contains a smallest 
set belonging to P. 

3. The Zero Element in Subsets of a Partially Ordered Set P and the 
Covering Theorems.—By the zero element of P is meant an element which 
is in the relation < to every other element of P. If P contains no zero we 
may always adjoin one and call P + 0 the enlarged partially ordered set. 
From the results of section 2 we get: Jf P is a partially ordered set with a 
denumerable separating system which contains a zero, and if P’ 1s a subset of P 
which is lower inductive of denumerable power having the additional property 
that whenever x + 0 is an element of P’ there isa y < xin P’, then 0 is an ele- 
ment of P’. 

This theorem yields the Borel covering theorem for completely separable 
spaces, i.e., that in a space S with a denumerable basis, from any covering 
by open sets it is possible to extract a denumerable number of open sets 
which alone cover S. Take P to be the set of all closed subsets of S, and P’ 
to be the set of closed subsets of S which are the complementary sets to the 
sum of an at most denumerable number of open sets belonging to the cover- 
ing. The conditions of the theorem hold, and the conclusion means that 
the vacuous set is the complement of a denumerable number of the open sets 
in the covering.® 

Let P have a denumerable strong separating system, be lower inductive of 
denumberable power and have no zero element. Let P’ be a subset of P + 0 
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such that 1) if x ¢ P there exists an x’ ¢ P’ such that x not < x’, and 2) if x, y 
are elements of P’, there exists az ¢ P’ suchthatz << xandz< y. Under 
these conditions zero is an element of P’. This theorem yields the Heine- 
Borel covering theorem for compact completely separable spaces. In the 
application the lower inductiveness of P is a consequence of the Cantor 
product theorem. 

4. Topological Spaces.—Let P be a partially ordered set with a unit 
element having a strong separating system 24 of upper sections. We 
assume 1) for any two distinct members of 4, neither is a subset of the 
other, and 2) for each pair of elements, x, y of P, and each U of 41 whenever 
neither x nor y is an element of U, there is a z in P such that x < 2, y < gz, 
and z is not an element of U. 

We now define a topological space J as follows: The points of T are the 
members of 4. A basis of closed sets of T is formed by the point sets T,, 
where x is an element of P, and T, the set of upper sections in 4M containing 
x. If M isa subset of T we define the closure M to be the product of all 
sets T, which contain M. It may readily be verified that a) if p is a point, 
then p = p,b) M+ N = M+N,c) M = M, d) the closure of the vacuous 
set is the vacuous set. The basis of closed sets T,, is in one-to-one corre- 
spondence with P preserving the order relations of < in P and inclusion in T. 


1A subset L of a partially ordered set P is called a lower section if whenever x is an 
element of L, y < x implies that y is also an element of Z. In an analogous way upper 
sections are defined. 

2 If the topological space S has a basis of open sets {0} of power M, and if P is any 
partially ordered set of some (not aecessarily all) closed subsets of S, then P has a strong 
separating system of power at most M. We obtain one if with each open set 0 of {0} we 
associate the set Up of all closed sets which are elements of P and have a non-vacuous 
intersection with 0. It should be noted that Uo is an upper section but is not an ideal 
even in the case that P consists of all closed subsets of S. 

3 The arguments about partially ordered sets with denumerable separating systems 
do not require the theory of transfinite numbers. The covering theorems for higher 
powers follow from general theorems about partially ordered sets with separating sys- 
tems of higher powers. 
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ON THE DISTRIBUTION OF NORMAL POINT GROUPS 
By P. Erpos 
INSTITUTE FOR ADVANCED STUDY 
Communicated February 3, 1940 
Let —1 <x < m<...< x, £ 1 benreal numbers, and let us write w, (x) 
= aK — x,). Consider the unique polynominal f,(x) of degree not 


exceeding 2m — 1 such that 
S(%e) = Yer f'(%) = 0. 


f,(x) is called the step parabola. It is well known! that 
f(x) = p> Veli (x)v,(x) = delta) (1) 
=] = 


where 


Ww, (2) 
Wy (x,)(~ — Xp) 





L(x) = and v(x) = 1 — Ql; (x«,)(x—x;,)- 


Thus the linear function v,(x) is 1 at x, and 0 at 


w’ (x,) 1/2 
w" (xp) wate + > 1 ¢ 


Rt %, — X, 





X, = xX, + 





The system X,, Xo, ..., X,, is called by Fejér? the conjugate point system 
of x1, %2,..., %,. If all the X; are outside —1, +1, Fejér calls the point 
group normal. He pointed out that the roots of many of the classical 
polynomials are normal, e.g., the roots of the Tchebicheff and Legendre 
polynomials. 

Fejér® proved that if x, x2, ... x, is a normal point group then 
lim(x; +, — x;) = 0. Turan and I‘ improved this to 
n—> © 


Cy 


ay SH ES OS nage 9 
n oe 


Recently I proved that for the x; satisfying — 1 +a<x<1l—& 





T 1 
tei = = + 0(an), (2) 
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It seems likely that if — 1 + @<«*< 1—¢ then 


T 1 
nae wee Baits a) 


Let now —1 = 23 < 2%<...< 2 < 1 be the roots of the polynomial 
P,(z) + P,— (2s) (where P,(z) denotes the mth Legendre polynomial). 





It is known’ that Z; = Z; =... = Z, = 1, and Z, < —1 (the Z; are the 
conjugate points); i.e., this polynomial is barely normal. It is also 
easy to show that if for a certain point group 7, = —landZ, =... = 
Z, = 1, then 


P,(s) + Pas) = [1 @ — 5). 


Thus P,,(z) + P,, — ;(z) is characterized by this property. Now we prove 
the following THzoreM 1: Let —1 £1 < 2<...<x, £1 be a normal 
point group. Then 


a4 S$ —% 3 


It is easy to see that these limits are the best possible since the point 
group —2z; is also normal. 
Proof. It will be sufficient to prove that 


23 < Xj. 


We prove the following stronger result: Suppose —1 < m<m<...< 
X, < 1is such that X; does not fall in the interval (x;, 1) (we will refer to 
this property as A). Then 


25 g Xj. 
Let us investigate the point group satisfying A and for which x; is as small 
as possible. It is easy to see that such a point group exists. Now we 
prove that this point group is 2, 22, . . . 2,, and this will complete our proof. 
Suppose that this is not true. Then either x, + —1 or there exists an 
x, say x;, such that X; + 1. Suppose first x, ++ —1. Consider the point 
group -1< 4% ~—- aca... & € 1 (e sufficiently small). A simple 
calculation shows that the new point group also satisfies A, and in fact 
the conjugate points which were not less than 1 increased in absolute 


value. Thus if we denote by Xj, X;,...X, the conjugate points of 
X1 — €, X2...X_, we have xX; + 1. Consider now the point group x, — 
G1, X2...%; — & .. . X_ (& sufficiently small). A simple calculation 


shows that this point group also satisfies A, which contradicts the minimum 
property of x;. In the second case we consider the point group %, x2... 
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Xj; — €,...%X, (6 sufficiently small) which also satisfies A and the whole 
proof goes through as before. 
Let g(x) be any continuous function in (—1, + 1), and let 
(i) 
x@ 1 


x? 


be any infinite sequence of normal point systems. (Fejér’ calls a sequence 
of point groups strongly normal if for any k and n, v,(x) 2 ¢,-192*%21 
(cs independent of k and m). Consider the polynomial f,(x) of degree 
not greater than 2m — 1 for which 


falx) = ox) and fy(x?) = 0. 
By (1), 


Fa(x) = 2 Velty(X). 
=1 
Fejér® conjectured that 
lim f,(x) = (x) 
uniformly in (—1, +1). Recently I succeeded in proving that 


lim f,(x) = g(x), -ltex<x<l-—e 


uniformly for every « > 0. In fact it suffices to suppose that the sequence 
of point groups is normal. 

The proof of this result is not quite simple (it uses (2)) so that we do 
not give it here. 

In a previous paper® Turan and I proved that if x, x2. . ..x, is a normal 
point group, then 


n 





er : 
max Dew ee ee, 
—1te<x<1l—e i=1 a 
By using Theorem 1, I can prove that 
= C4 n 
max | | (x —x)< ‘ 
-lex<li=1 2” 


” 


1L. Fejér, ““Lagrangesche Interpolation und die zugehérigen konjugierten Punkte, 
Math. Ann., 106, 1-55 (1932). See also ‘“‘On the Characterization of Some . . .,”” Amer. 
Math. Monthly, 41, 1-14 (1934). 

2 L. Fejér, Ibid., p. 3. 
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3L. Fejér, Ibid., p. 27. 

4 P. Erdés and P. Turan, “On Interpolation, II,” Ann. Math., 39, 702-724 (1938). 

5 L. Fejér, Ibid. p. 32. 

6 Denote by a; the lower limit of the x; To prove the existence of the point group in 
question it suffices to show that there exists a 6 such that if x, x2... x, isa point group 
satisfying A and for which x; — a; < ¢; (e; sufficiently small), then x, +1 — x, > 6,7 = 
1,2,...% —1. This is not difficult. 

7L. Fejér, Amer. Math. Monthly, 41, 8 (1934). 

8 L. Fejér, ‘‘On the Characterization of Some . . .,” Amer. Math. Monthly, 41, 13 
(1934). 

® P, Erdés and P. Turan, Ibid. 


THE EFFECT OF AN “EMOTIONAL STATE” ON THE INITIAL 
STAGES OF ACQUISITION IN A CONDITIONED OPERANT 
RESPONSE 


By R. M. GaGné& anp C. H. GRAHAM 


PSYCHOLOGICAL LABORATCRY, BROWN UNIVERSITY 
Communicated February 17, 1940 


In a recent study we have been concerned with an analysis of the acquisi- 
tion, extinction and spontaneous recovery of a conditioned operant re- 
sponse in the white rat.1_ The apparatus used in this experiment consists 
of a simple runway, at one end of which is a starting box and at the other 
end a food box. The measure of response chosen for analysis is termed 
the latent period. This period is defined as the time taken by the rat to 
leave the starting box, after the door is opened, before he traverses the 
runway to food. A complete account of the experimental procedure is 
contained in the previous report. By this procedure it was found that the 
curve of acquisition begins with a high value of log latent period on the 
first trial (log 71 = 1.85) and falls off with an increase in the number of 
trials; by the fifteenth trial it seems to be approaching a final limiting 
value (log 2.8 = 0.45). The curve B of figure 1 represents this result; it 
is the curve drawn through the acquisition data. 

An important part of the original paper is concerned with a rational 
formulation of acquisition, extinction and spontaneous recovery. It soon 
became apparent in the course of this aspect of the work that a term would 
be required which would state conditions for the initial step of acquisition. 
This requirement is due to the fact that the beginning of conditioning may 
be influenced by a number of factors. In the first place, it is possible that 
an animal may come to the experimental situation with an already appreci- 
able amount of conditioning in a given performance. Secondly, it may be 
true, in the case of another animal or another situation, that the first few 
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trials do not contribute directly to the conditioning, but only to the 
animal’s ‘‘emotional adjustment’’ to the experimental apparatus. In 
either case attention must be paid to behavior at the beginning of acquisi- 
tion. In view of this consideration, the equation (10) for acquisition in 
the earlier paper contains a term, P,,, which corresponds to the latent 
period identified as occurring at the beginning of conditioning. 

The present report presents experimental evidence for the validity of 
these ideas. It is shown that, under conditions which lead initially to 
“emotional maladjustment” (1) no conditioning takes place during the 





WY) 
7 





LOG LATENT PERIOD 








TRIAL 


FIGURE 1 


Acquisition data for the “handled” animals (H) of this experiment and 
the ‘‘box” animals (B) of the earlier experiment. The solid circles are the 
experimental points for group H. Curve H beyond trial five is similar in 
shape to curve B. 


first few trials. However (2) when conditioning does get under way, it 
takes place at a rate comparable to the one observed under conditions of 
little ‘‘maladjustment.”’ 

The results of the present experiment were obtained in the course of the 
research reported earlier. In the original experiment the food and the en- 
trance boxes were interchangeable, and the animal was shifted at the end of 
each trial by moving the food box to the entrance position. In a short 
series on nine animals this procedure was not followed. For these experi- 
ments the food and entrance boxes were set permanently in the apparatus. 
Each box contained a door in front; the sides and back were constructed 
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of wire mesh, and the top was open to allow for the placing or lifting of the 
animal. Under these circumstances the movement of the rat from the 
food box to the entrance box at the end of a trial was effected by hand. 
In other details the experiments were similar to those reported in the 
earlier paper.” 


The data for the “handled” animals are shown in curve H of figure 1. 
In this figure it may be observed that the “handled” animals show little 
improvement until trial 5. From that trial on, however, they follow a 
course of acquisition which is identical with the one given by the animals 
moved in a box (curve B). The similarity between group H’s data 
(‘‘handled” animals) beyond the first five trials to group B’s data (“‘box’’ 
animals) is shown by the fact that curve H is curve B moved a distance of 
4 trials along the abscissa. Presumably “‘handling”’ in the case of group 1 
introduced an emotionally disturbing condition which effectively pro- 
tracted the time required for habituation to the experiment. If this be so, 
it is noteworthy that once this effect has disappeared the course of con- 
ditioning is unaffected. Thus it would seem that under our experimental 
conditions an initial “‘emotional state’ due to ‘‘handling’”’ has the sole 
effect of delaying the time of “getting started.’’ Whether or not the rate 
of acquisition would be changed if the emotional disturbance had come at 
some other time than in the initial stages is a problem on which we have no 
evidence at present. 


The results of our experiment have an important theoretical implication. 
They seem to demonstrate the necessity for the term P,, in our acquisition 
equation of the earlier paper. The presence of this term insures the 
identification of the response at the beginning of acquisition and thus 
eliminates from consideration a number of irrelevant initial activities, 
which have no significance for the problem. Among these irrelevant 
activities are some which may be loosely categorized as “emotion” and 
“adjustment to the experimental situation.”’ 


Summary.—We have carried out an experiment on the acquisition of a 
conditioned operant response which is similar in all details except one to 
a research already reported. The difference between the two experiments 
consists in the fact that the animals of the present investigation were 
“handled” between trials, while the original animals were not. ‘Han- 
dling’”’ seems to introduce an ‘‘emotional state’ which delays the beginning 
of conditioning. However, once conditioning has begun, the rates of 
acquisition for both groups are similar. 


1 Graham, C. H., and Gagné, R. M., Jour. Exper. Psychol., 26, 251(1940). 

2 The animals of this group (H) were given 13 trials of acquisition rather than the 15 
required of the original group (B). The average log latent period values in seconds for 
the nine animals of H are, in order from trial one to trial thirteen: 1.51, 1.58, 1.50, 1.39, 
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1.51, 1.34, 1.05, 0.92, 0.95, 0.81, 0.81, 0.76, 0.64. It may be seen that the values of the 
first five trials are below the latent period for the first trial of group B (1.85). The initial 
trial is theoretically susceptible to the influence of many variables, and this observation 
would seem to give further reason for discounting the reliability of the initial stages of 
acquisition. As the data show, the later stages are highly reproducible. 


NOTE ON THE PROBLEM OF THE DISTRIBUTION OF STRESS 
IN A THIN STIFFENED ELASTIC SHEET 


By Eric REISSNER 
DEPARTMENT OF MATHEMATICS, MASSACHUSETTS INSTITUTE OF TECHNOLOGY 
Communicated February 17, 1940 


1. Introduction.—One of the practically interesting problems in the 
Theory of Plane Stress for which no solution has hitherto been given is the 
following: A thin flat stiffened sheet is acted upon by concentrated edge 
forces in the plane of the sheet. If the sheet were unstiffened the stresses 
at the points of load application would be infinite. To avoid these infinite 
stresses, stiffening rods are attached to the sheet such that the loads are 
applied to the ends of the stiffeners. Due to their finite cross-sectional 
area the stresses in them are finite and then for reason of continuity the 
normal stresses in the sheet are also finite. The stiffeners unload them- 
selves gradually into the sheet by means of the shear acting between sheet 
and stiffener. Ata certain distance from the edges of the sheet the stresses 
become sufficiently reduced to make stiffening further inwards unneces- 
sary. The question arises as to what dimensions the stiffeners should have 
so that the shear load per unit of length applied to the sheet and the stresses 
in the unstiffened part of the sheet remain below prescribed limits. 

In the present note a basic case of this problem is considered. An in- 
tegral equation is derived for the distribution of stress along the stiffener. 
This equation is of the same type as the integral equations occurring in the 
theory of aerofoils of finite span and can be treated by the same methods. 

Without calculation a noteworthy result concerning the dependence of 
solution on the relative dimensions of sheet and stiffener is obtained in this 
paper. 

The actual solutions of the integral equations remain to be calculated. 

2. Formulation of the Problem.—Consider a sheet of thickness ¢ of in- 
finite extension on one side of its straight edge. A concentrated force F is 
acting on and normal to the boundary. A stiffener of length / and cross- 
sectional area A (which may be variable) is attached to the sheet so that 
the axis of the stiffener coincides with the direction of the force F and the 
load is introduced into the stiffener. A codrdinate system x, y in the plane 
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of the sheet is chosen so that the y-axis conforms with the boundary of the 
sheet, and part of the x-axis with the axis of the stiffening rod. 

The stiffener then is loaded at one end by the force F, along its length by 
an unknown shear distribution s(x) and at the other end by a force F* = 


F- a s(x)dx. Because of equilibrium the shear s is also acting on the 
0 


sheet as a line distribution of body forces! and the force F* as a concentrated 
body force. 

The variation of s must be such that at any point the normal strain 
e,(€,0) in the sheet due to the presence of the body forces equals the strain 


€ 
e(€) in the stiffener due to its loading F — ¥ 5(x)dx to the left of the point 
0 


&. If the modulus of elasticity of the sheet is denoted by E,, that of the 
stiffener by EZ,,, and if K(x,&) stands for the strain ¢,(¢,0) due to a unit 
body force applied at the point x, one has 


4 
<(60) = Fe { r] s(x)K(x,)dx + Kis | (1) 


1 é 
e(é) = AE,, \F — fi seas. (2) 


The condition that ex(¢,0) = e(€) can then be written 


F- 3 s(x)dx = ae. { PKG! + sex eoae'. (3) 
0 : tE, 0 


In order to determine s(x) from this equation it is necessary to know the 
form of the kernel K. Since the explicit solution of the problem of the 
stress distribution in a semi-infinite sheet due to a concentrated body force 
is known,” K can be written down as follows: 


ral ie... eke. 
Tr. = 4 
ae Ce a ke dee 








44,=2+3-—rv,, G=1+y», (5) 
a el 
4C; = (l1—v)(1—3r), 4C0,=(1-—v7)(8-—7), 2G=1+% 


This kernel K becomes singular when x approaches ~. The singularity is 
of such nature that the principal value of the integral in (3) has to be taken, 
in which case the integral converges. 
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Introducing instead of the shear distribution s the stiffener stress o, 


Ac = F—- Jf seas } 
: (6) 


1 
(Ac), = F* = F— 7 sade § 
(3) becomes 


E,, 
a(t) = FE {AWo(OKG8) - 7 A@o(a) "Kode. (7) 


It is convenient to distinguish the two cases of infinite and of finite stiffener 


length /. 
1°. When / is infinite the stress o(/) is obviously zero and one has: 


iT A zg. t 
o(é) + 4 [=o o() | K(x,t)dx = 0. (7a) 


The arbitrary factor in the solution of this homogeneous equation is de- 
termined from the condition 


o(0)A(0) = F. (8a) 


2°. When / is finite there arises a certain difficulty from the fact that on 
the right side of equation (7) the first term approaches an infinite value 
when é approaches / and A (/)c(/) is different from zero. It seems, however, 
that one has to assume in any case 


a(l)A(l) = 0, (9) 


for if o(l)A(l) were different from zero, that is F* different from zero, 
there would be a concentrated body force acting in the sheet immediately 
at the end section of the stiffener. This would cause an infinite strain at 
this point of the sheet, which in turn would give infinite sheet and stiffener 
stresses at the end section of the stiffener; hence because of the finite area 
over which this stress is acting there would be an infinitely large force 
acting through the cross-section of the stiffener. This, however, is physi- 


cally impossible. It appears thus that the integral equation to be solved is 


1 A 4 , 
a(t) + f | ae o() | K(x,8)dx = 0. (7b) 





If the foregoing argument is correct there must be two linearly inde- 
pendent solutions of this homogeneous equation (7b), to satisfy the two end 


conditions 


a(0)A(0) = F, a(l)A(l) = 0. (8d) 
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That this is indeed so is made plausible by the following consideration. 
The singular part of the kernel, 1/( — x) is of the same type as a kernel of 
the form 





ae 
ey E-—e<xu <i, 
K(x,é) = 4 -4 Cru bs (10) 
0, x<t&—e, Et+e<x. 


In this simplified case the integral equation (7b) is transformed—when e 
approaches zero—into the second order differential equation® 


ote) — [AF @ | = 0 (11) 


which has indeed two linearly independent solutions. 

It remains, however, to be proved that the equation (7b) has the same 
property. 

3. The Inverse Problem.—Instead of prescribing the law of variation of 
stiffener area A and asking for the corresponding stress distribution, it is 
also of some interest from a design point of view to ask how A has to vary 
in order to produce a prescribed distribution of shear s between sheet and 
stiffener. Considering equation (3) one has, with F* equal to zero, 


€ 
F- ¥ s(x)dx 
“f s(x) K(x 8)de 


This shows that the inverse problem of expressing the area in terms of a 
prescribed shear distribution admits a very simple solution by direct in- 
tegration. 

4. Results of a Dimensional Analysis.—Without actually determining 
the solutions of the integral equations (7a) and (7b) statements can be 
mace, helpful for the analysis of experimental data, concerning the de- 
pendence of the solution on the parameter A, ¢, 1, E,, and E,. Considering 
for the sake of simplicity only cases of constant cross-sectional area A, and 
considering separately the equations for infinite and finite length /, the 
following facts are true: 

1°. For infinite / a change of variables 





A(é) = 


& a(x) = o*(2) (13) 
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transforms equation (7a) into 

Ht f [o@'Ke, tds = 0 (14) 
with 

Ao*(0) = F. (15) 
This means that the solution has the form 
F 
o*(2) =F fe) 

or, expressed in terms of the original variable x, 


F /(E, & 
a(x) = at(= . *). (16) 


The result (16) indicates that if only the stress distribution for one particu- 
lar set of values of A, t, E, and E,, is determined, it is then also known for 
any other values of these quantities. 

2°. For finite / another change of variables 


oe. tae 
transforms equation (7)) into 
Ey A , 
o*(¢) + E ; Al : [o*(z)]'K(z,¢)ds = 0. (18) 
E, tlj So 
The form of this equation shows that o can be expressed in the form 
F f/x E, A 
o(x) = ae(5: E. “) (19) 


Formula (19) proves that the type of the stress distribution depends only 
on the value of one dimensionless quantity (E,,A/E,tl). In the limit for 
l1— o the function g in (19) must of course become the corresponding 
function f in (16). 

5. Summary.—An integral equation is derived for the distribution of 
the stresses arising when a concentrated force is applied to a flat sheet by 
means of a stiffener. It is seen that the equation is a generalization of one 
occurring in the theory of aerofoils of finite span. It is shown to be 
simpler to solve the inverse problem of determining the stiffener sizes for a 
prescribed stress distribution than to determine the stresses for given 
dimensions of the structure. It is proved that for constant cross-sectional 
area of the stiffener the stress distribution depends only on two dimension- 








SO  — 
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less parameters composed of the six independent dimensions and moduli of 
elasticity occurring in the problem, and that for an infinite stiffener length 
only one parameter remains. The method of analysis here presented is of 
course applicable to more general cases. If, for instance, a sheet with 
several stiffeners is considered, a system of simultaneous integral equations 
is obtained instead of the single equation (7). 


1 The idea to represent by a system of body forces the interaction between one part 
of a structure and another has previously been introduced, in the theory of “Effective 
Width” problems, by H. Reissner, Z. Ang. Math. Mech., 14, 312 (1934). 

2 E. Melan, Z. Ang. Math. Mech., 12, 343 (19382). 

3 Equations of this sort have previously been obtained by making very strong simpli- 
fying assumptions concerning the elastic behavior of the sheet. 


ON SOME PERIODIC PROPERTIES OF THE SYSTEM OF 
ISOTOPES 


By ARTHUR E. HAAs 
DEPARTMENT OF Puysics, UNIVERSITY OF NOTRE DAME 


Communicated February 23, 1940 


It has been known for a long time that the system of isotopes shows 
some remarkable regularities which have been the subject of various 
investigations.! It will be the task of this paper to discuss some additional 
regularities which apparently have not yet been considered. Since the 
most important group of isotopes are those with even charge and mass 
numbers, these will be first discussed. 

As table 1 shows, these isotopes may be arranged in consecutive series 
each of which is characterized by a definite value of the isotopic number 
(I) which is defined as the difference between the numbers of neutrons and 
protons, i.e., N-P or A-2Z, where A is the mass number and Z the charge 
number.? Because A and Z are even, the scheme contains only even values 
of I. The highest known value of I is 54 (#U**); only one unstable 
nucleus with even Z and even A is known® for 2 < Z < 82. 

In the series of table 1 the charge number increases by two and the mass 
number by four from one place to the next. As may be seen from table 1, 
the successive series or periods, as we may call them, show regular lengths 
if we disregard a few very weak and in some cases perhaps dubious isotopes 
which with the only exception of 2Ca“ and @S!*4 maybe recorded in table 1 
as either immediately preceding or immediately succeeding the periods 
themselves. There are ten such isotopes of which, however, only four 
are to be found in the last Report of the International Committee on 
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Atoms (1938), namely, ,0', «Ru, sSn'** and 7Os'**. The other six 
were only recently discovered.‘ 

If these few exceptions be disregarded, the lengths of the consecutive 
periods for I = 0 to I = 42 are found to be 


10, 10, 8, 8, 8, 10, 10, 8, 8, 6, 6, 6, 8, 8, 8, 6, 6, 6, 6, 4, 4, 4. 
From period to period the charge number of the first column jumps by 
8, 6, 6, 6, 2, 2, 2, 6, 6, 2, 2, 0, 2, 2, 6, 4, 2, 4, 4, 2, 2. 
Table 1 contains only a few gaps, namely 
sg0r™, goZr®, s6Ba!”, sgCe!*4, gsDy!®, 


The relative abundance is, in general, considerably smaller in the first 
or in the last occupied column than in the other columns. If we consider 
the periods from I = 6 to I = 36, thus omitting the very lowest and very 
highest ones (on account of the irregularities at the beginning and the 
instability at the end), we find as an average value for the first column 8.4, 
for the second 21.2, for the third 23.3, for the next to the last occupied 
place 6.3 and for the last occupied place 4.1. 

We notice also a certain periodicity if we consider which among the 
isotopes contained in table 1 remain stable after the addition of a proton, 
and which after the addition of a neutron (cf. the symbols p and n in 
table 1). Nuclei of the first kind (p) are found in general on the left-hand 
side, those of the second kind (n) occur mainly in the middle and only 
occasionally toward the end of the period.® 

If we compare the course of the values of the relative abundance in 
two consecutive periods, we often find an indication of some parallelism 
through parts of the periods. An example is afforded by a comparison 
of the first five places in the periods I = 20 and I = 22. 

Indications of periodicities similar to those discussed above are also to 
be found in two other tables which may be constructed by adding either a 
neutron or a proton to the isotopes of table 1. We find, e.g., as far as 
stability, relative abundance and half-value period are concerned: 


II III IV V vI VII 
I = 93 so Le!2 4X 131 56ba}*5 5gce}39 eo. Ne!43 egom!47 

10h 21.17% 659% 21m 13.0% 17% 
lant te a... Bal? Cel? == gNe?4# gg Sm 149 

30d 11.32% 16d 9.2% 15% 


We observe also a sequence of approximately equal values of the relative 
abundance in the series I = 11, namely: 
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6K r8* sgor®? 4oZt*! a2Mo* aRu” 
11.58% 7.02% 11.5% 16.38% 12% 


Regularities of the system of isotopes manifest themselves also in another 
arrangement of the nuclei with even charge and mass numbers, as shown 
in table 2. It contains chains in which from one place to the next the 
charge number increases by 2 and the mass number by 6; each nucleus 
thus results from the one preceding it by addition of two protons and four 
neutrons. If, for the sake of brevity, we use the traditional symbol a 
for a group of 2 protons and 2 neutrons, and the symbol o for a group of 2 
protons and 4 neutrons, the various series may thus be represented in the 
form ra + so, where each series is characterized by a definite integral 
value of r and s runs through a sequence of consecutive whole numbers. 


TABLE 2 


STABLE NUCLEI WITH EVEN CHARGE AND Mass NuMBERS ARRANGED IN SERIES AC- 
CORDING TO THE FORMULA ra + so, WHERE f AND Ss ARE INTEGERS, a MEANS A GROUP 
OF 2 PROTONS AND 2 NEUTRONS, AND o A GROUP OF 2 PROTONS AND 4 NEUTRONS 


(The number in parenthesis below the chemical symbol indicates the relative abundance 
in per cent) 


r= 1;s=0 Hy 2Het 
(100) 
r= 2;s=0 H «Be 
(?) 
y= 3;s5=0,1 : oC? — 3018 
(98.9) (0.20) 
r= 4;5s20,1 : 30% — swNe?? 
(99.76) (9.73) 
r= §s=0,1 : wNe®™- Mg 
(90.00) (11.1) 
r= 6;s=O0to2 : 1:sMg* — usi® — 165*6 
(77.4) (4.2) (0.016) 
r= 7;s=0to3 ; usi% — 16534 — wAr’— »Caté 
(89.6) (4.2) (99.632) (0.0033) 
r= 8;s=0O0to3 : S32 — i sAr® — wCat4— geTid? 
(95.0) (0.061) (2.06) (5.34) 
r= 9;s=0Oto3 : wAr%® — wCat?— 2Tit® — 4Cri4 
(0.307) (0.64) (73.45) (2.30) 
r=10;s=Oto7 : 2Ca% — 2Tit — waCr82— gFe’ — osNis4 — s0Zr7? — 32Ge"s 
(96.96) (7.95) (83.77) (0.28) (0.9) (0.5) (6.5) 
~ sSe*? 
(9.3) 
fal}: s¢s1tet : aCro — wFes’— eNis? — yZn8% — g2Ge74 — Se - sKr% 
(4.49) (91.57) (3.8) (17.4) (37.1) (48.0) (17.47) 
r=12;s=1to8 : sFe¥ — 2 Ni® — soZn — 32Ge72?—- Se? — gsKré4 — asSr”? 
(6.04) (27.2) (27.3) (27.3) (24.0) (57.10) (?) 
— #Zr* 
(1.5) 
r=13; s=1to8, : wNi® — wZn*4* — Ge? — uSe7® — yKr8? — sores — «Zr 
12 to 14 (68.0) (50.9) (21.2) (9.5) (11.53) (82.56) (17) 
«aMol —- = .... — poSml%4— 52Tel0- 5X 186 
(8.6) (6.8) (33.1) (8.95) 
r= 14; s=3tol3 : uSe™4 — s6Kr80 — = gaSr868 — = goZr¥? — «=geMo®—- wRul4— gPd'0 
(0.9) (2.01) (9.86) (22) (25.4) (17) (13. 5) 


— Cds — Sn? — geTel® — X14 
(7.3) (5.5) (32.8) (10.54) 
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TABLE 2 (Continued) 


r= 15; s=3tol5 : aeKr8 — aSrs4 — Zr — gMo*® — gRul?— ggPdi8 — ggCdiis 
(0.35) (0.56) (48) (16.8) (30) (26.8) (28.0) 
— Sn! — g2Te!® — uX182— = gg¢Balts — gsCel44 — go Nd 150 
(28.5) (19.0) (26.96) (71.66) (?) (5.95) 
r= 16; s=5tol6 : «eMo%* — gRu™ —  g¢gPdi% — ggCdll2 — goSnt8 — g2Tel24 — gg X 130 
(8.7) (14) (27.2) (24.2) (22.5) (4.5) (4.07) 
— 6Bal% — ssCel4? — goNd'48— o2Sm44 — gGdie0 
(7.81) (10) (6.8) (20) (15.7) 
r=17;s=4tol8 : «Mo%— gRu®— Pd! — ggCdll0 — gSnll6é — seTel22 — 54X18 
(15.5) (?) (9.3) (12.8) (15.5) (2.9) (1.90) 
— Bals4 — gsCel0 — go Nd — Sms? — Gis — gDy'64 — gE ri70 
(2.42) (90) (16.5) (26) (22.6) (27.6) (9.8) 
— »wYbs 
(11.8) 
r= 18; s=4to22 : wRu%® — Pd? — gC —- goSnll4 — g2Te1® — 54X12 - ggBals2 
(5) (0.8) (1.0) (0.8) (<0.1) (0.088) (0.097) 
— ssCel88 — gwNdlt4 — Sm 0 — gGdié — gDy'62 - ggErifé8 — wYb!"4 
(<1) (22.6) (5) (22.6) (24.6) (29.3) (37.2) 
- Hf — uwW'% — 7Osi*? — 7sPt® — soHg% 
(30) (29.8) (41.0) (7.2) (6.7) 
r=19; s = 5, 6, fC — = sSntt2\ —--—4X1%4 — seBat? — gsCel — goNd'42? — o2Sm1 
8 to 27 (1.4) (1.1) (0.094) (0.101) (<1) (25.95) (14) 
— #Gd — «Dy — gsErié — wYb'2? — Hf" — ww — 76031 
(1.5) (1.5) (35.2) (23.5) (28) (30.1) (26.4) 
— mPt® -— gHg%? — Pb — 4Po24 — ggRn?% — ggsRa?% — ooTh23? 
(26.6) (29.6) (52.29) (weak) (weak) (100) (100) 
— 920238 
(99 . 28) 
r= 20;s=12to21 : e&#Gd2? — «Dy — gsErié# —- wYb10 - 72Hf17@—- = 74 W182 — —- 765188 
(0.2) (0.1) (2.0) (2) (5) (22.6) (13.3) 
— Pt! — gHg™—- gPbh™ 
(30.2) (23.3) (23.59) 
r=21;s=13to20 : Er? — wYb'8 — 72Hf4* — mW — 760s — 7gPt92? — soHgl% 
(0.25) (0.06) (0.3) (~0.2) (1.59) (0.8) (10.1) 
—- s:Pb* 
(1.48) 
ry = 22; s= 16,18 : 7Os!8* —-— mHgi 


(0.018) (0.15) 


In this way series may be formed from r = 1 tor = 22. For low values 
of r the number of members in such a series is rather small (one for r = 
1, 2; two for r = 3, 4, 5; three for r = 6; four for r = 7, 8,9). Then 
the series become longer, and are especially long for r = 18 andr = 19; 
these series contain 19 or 20 members, respectively, in uninterrupted 
sequence without any gap. For r = 20 the number of members becomes 
ten, and then rapidly decreases towards the end of the scheme. 

In the various series of table 2 many sequences can be noticed in which, 
at least in order of magnitude, the value of the relative abundance repeats 
itself several times. The following sequences seem especially noteworthy: 
r = 12 from ogNi to 3Se; 7 = 16 from Pd to s9Sn; 7 = 18 from «Pd to 
soon and from «Gd to ~4W; r = 19 from gsEr to goHz and from ggRa to »U. 

Similar regularities appear if we form a scheme of stable nuclei with odd 
charge and mass numbers in such a way that we add single protons to the 
nuclei of table 2, omitting all cases where the new nucleus is unstable or 
unknown. We find then, e.g., the following sequence for r = 8: 
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i9K (93.3% )-21Se**(100%)-23V*4(100%). 


In the series ry = 15 values of the relative abundance of the order 1 and 
'/, are combined, namely - 


#sRh3(99.92%) Ag! (47.5%) —sIn!(95.5%)-s:Sb!#4(56%) -— -— 
ssl '°7(100%)-ssCs!*(100%)-s:La!*(100%). 
The same holds also for the series r = 17: 
so9Pr!41(100%)—e1T1"*7( ?)-egEu®#(50.9%)—-es Th! ( 100% )-¢7 Ho *5( 100%). 
Values of the order 100% and 60% are combined in the series r = 18: 


o9 Lu?(100%)—nLu'5(97.5%)—-3T a8! ( 100%)-7Re'*"(6 1 8%)—nIr' 
(61.5%) 


and values® of the orders 1 and '/3 in the series r = 19: 
mRe'*5(38.2%)-Ir9!(38.5%) Au!” (100%)-s:T1°?(29.1%)-ssBi™ 
(100%) — — — spAc?*”(100%). 


Finally considering all stable nuclei (including those with odd charge 
and mass numbers) we observe a concentration of values of the relative 
abundance within a few rather narrow intervals. According to our present 
knowledge, 138 stable nuclei (among some 300) have relative abundances 


TABLE 3 
DISTRIBUTION OF THE VALUES OF THE RELATIVE ABUNDANCE 


50.6 to 50.9% +: wZn*4(50.9), sBr7°(50.6), esEu'3(50.9) 

26.8 to 27.3% : wNi(27.2), 9Zn*(27.3), s:Ge72(27.3), «Pd'(27.2), «Pd (26.8), s1X!92(26.96) 

22.5 to 22.6% +: wPd'5(22.6), soSm'8(22.5), soNd!44(22.6), esGd'*(22.6), sGd'8(22.6), 4W'82(22.6), 
s2Pb*7 (22.64) 

16.5 to 18% : 30Zm®8(17.4), seKr8(17.47), «Zr®4(17), «2@Mo%*(16.8), «Ru4(17), eoNd!6(16.5), 
62Sm'47(17), 6Gd457(16.7), 7 ¥b!73(16.7), 72HE9(18), 74W83(17.3), soHg9(17.0) 

13.0 to 13.5% +: «¢Pd19(13.5), «Cd11(13.0), oo Nd48(13.0), 76Os!%8(13.3), soHg%1(13.2) 

11.1 to 11.6% : 2Mg%(11.6), 12Mg%(11.1), seKr82(11.53), seKr89(11.53), «Zr91(11.5), seBa!*7(11.32) 


between 9 and 91%. As may be seen from table 3, 39 of these 138 
isotopes may be placed in six intervals which, altogether, cover a range of 
4%. The intervals as recorded in table 3 lie slightly above the fractions 
1/9, "1/4, 1/6, 1/g and 14/39. This may not be a mere coincidence, but perhaps 
caused by some quantum relations. 


1Cf., e.g. W. D. Harkins, Phys. Rev., 38, 1270 (1931), and Proc. Nat. Acad. Sci., 19, 
307 (1933); A. J. Dempster, Proc. Amer. Phil. Soc., '76, 491 (1936). 

2 The concept of the isotopic number was introduced into atomic physics by Harkins 
(1915). 

3 Unstable nuclei with even Z and A are :He® and sKr®, 

4 The data used in this paper were taken from the survey by J. J. Livingood and 
G. T. Seaborg, Rev. Mod. Phys., 12, 30 (1940). 
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5 In accordance with the rule that isobars nearly never differ by one in their charge 
numbers, table 1 contains only three nuclei with both symbols, p and n. 

6 In this connection it may be noted that the only known branching ratio in the 
natural radioactive series which is not very large or small, that of Th C, amounts to 
65% or about 2/3. 


MECHANISM OF LONG WAVE-LENGTH ABSORPTION OF THE 
CARBON YL GROUP 


By Henry L. McMurry AND ROBERT S. MULLIKEN 
RYERSON PHysICAL LABORATORY, UNIVERSITY OF CHICAGO 


Communicated March 6, 1940 


Color in organic compounds is generally associated with systems of 
conjugated double bonds. Burawoy' has divided the spectra of such mole- 
cules into two classes, the strong K spectra and the weak Rspectra. When 
both a K and an R spectrum are present for the same substance, the R 
spectrum lies at longer wave-lengths than the K spectrum.? 

The K spectra of conjugated polyenes have been explained quantum- 
mechanically along the following lines.* * In ethylene and its derivatives 
the longest wave-length absorption region occurs near \ 1800 and is charac- 
teristic of the C—C linkage. The electron configuration for the bonding 
electrons in the normal state N of this linkage may be written as follows in 
terms of MO’s (i.e., molecular orbitals) : 


N: ....(#)*(xx)?. (1) 


Here (it)? represents a pair of electrons forming the first or ¢ bond of the 

==C double bond, (xx)? a pair forming the second bond. The xx electrons 
are less firmly bound than the # electrons and are active in producing the 
longest wave-length absorption. 

The MO’s symbolized by # and xx have forms which may be approxi- 
mated using simple combinations of AO’s (i.e., atomic orbitals).5 The 
symbol x represents a carbon 2p, AO, with its axis of symmetry in the x 
direction, perpendicular to the plane of the molecule. The symbol ¢ repre- 
sents a so-called trigonal AO, built up*® from 2s and 2p, carbon AO’s and 
with its axis along the C—C bond direction (z-axis). 

The lowest excited states T and V of ethylene and its derivatives are 
believed to belong to the following electron configuration : 


T, Ve ....(4)%xx) (xz). (2) 
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One of the two electrons originally present in the bonding xx MO has here 
been excited to the corresponding antibonding xx MO. T is a triplet, V 
the corresponding singlet state. The transition NV — V comes near \ 1800 
and is very strong.” 

When other C=C groups are conjugated with the first C—C group the 
electrons of the x type do not remain localized within one group but occupy 
MO’s covering the entire system of conjugated bonds, as has been shown by 
Hiickel and others.’ In approximating the forms of these non-localized x 
MO’s, only the 2p, AO’s of the carbon atoms need be considered. Simple 
calculations give the approximate forms and energies of as many MO’s as 
there are carbon atoms in the conjugated system. In the normal state 
electron configuration each one of the MO’s of lowest energy contains two 
electrons with opposite spin. The first excited state is obtained by remov- 
ing an electron from the highest energy MO occupied in the normal state to 
the unoccupied MO of lowest energy. In general, as the number of con- 
jugated groups increases the energy of the former of these MO’s rises and 
that of the latter is lowered. Thus the energy difference between the nor- 
mal state and the first excited state decreases with increasing conjugation 
and the first absorption region shifts toward longer wave-lengths. It also 
becomes more and more intense; reasons for this can be given.* 

If instead of C=C groups alone certain other double-bonded groups, for 
example C—O or C=S, are present in the conjugated system, the same 
formal behavior for the energy of the MO’s of the x type is present and a 
similar strong absorption, which shifts to longer wave-lengths with an 
increase in the number of conjugated bonds, is observed. 

Here, however, another feature, characteristic of the new groups, appears 
in the form of a much weaker absorption region (R spectrum) coming at 
longer wave-lengths than the strong K type of absorption just described. 
In saturated aldehydes and ketones the maximum for this weak absorption 
is near \ 2900.8 In aromatic or conjugated compounds this absorption 
shifts toward or into the visible and can then be responsible for weak color, 
as, for example, in the quinones and in diacetyl or glyoxal. 

The study of the long wave-length spectrum of formaldehyde has yielded 
a great deal of information concerning the R type of transition.® '® 1» 
The theoretical work of Herzberg and Teller,!* combined with Herzberg 
and Franz’s and Gradstein’s study of the same spectrum in fluorescence, 
has strongly indicated that the electronic transition involved is a forbidden 
one. This interpretation was supported especially by the behavior of the 
A and a bands in absorption and fluorescence.'» ' 

Dieke and Kistiakowsky’s analysis of the banded fine structure’? gave 
further information. Possible interpretations of the transition in terms of 
specific electronic states were then given by one of the writers.“ Two 
alternatives were favored, one corresponding to a certain allowed, the other 
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to a certain forbidden transition. Calculations made in the present work 
strongly support the second possibility, in agreement with the evidence 
mentioned above. '® 

The structure of the carbony] group in its normal electronic state, so far 
as is essential for understanding the long wave-length spectrum, may be 
described by the following electron configuration: 


N: ....(st)?(xx) yp. (3) 


The two pairs of electrons (zt)? and (xx)? form the C—O double bond, and 
correspond to (ét)?(xx)? of C=C (cf. equation (1)). The symbol yj repre- 
sents a pair of relatively loosely held non-bonding electrons in a 2p, AO of 
the oxygen atom. The letters x, y and z denote 2p AO’s with axes respec- 
tively, along the direction perpendicular to the »C=0 plane (x), in the 
plane and perpendicular to the C=O axis (y), and along the YC=O axis 
(s). The st MO has a form which can be approximated by combining a 29, 
oxygen AO and a ¢ (trigonal) carbon AO. The xx can similarly be built 
from 2, AO’s of oxygen and carbon. These MO’s are polarized in favor 
of the oxygen in accordance with the considerable negative charge on the 
latter.” 

There seem to be only two important possibilities for the upper state of 
the \ 2900 absorption-region, namely, the singlet states of the following 
electron configurations: 


A: ....(st)*(xx)*yo(xx); B: ....(st)#(xx)*yo(st). ° (4) 


In A one yo electron has been excited to the antibonding MO xx, in B to the 
zt antibonding MO.” Transitions from state N to either A or B should 
produce weakened C—O bonding. This is in harmony with the observed 
structure of the \ 2900 region in formaldehyde. !* 

The absorption transition from NV — A is forbidden, that from NV — B is 
allowed, by the electronic selection rules." However, because of elec- 
tronic-vibrational coupling, “‘forbidden”’ transitions are not really excluded 
in polyatomic molecules,'* although they should be much weaker than 
similar allowed transitions. 

Recently it has been found possible to make significant absolute intensity 
calculations for electronic transitions in molecules.'* Comparison of calcu- 
lated with observed intensities should often make it possible to decide be- 
tween alternative interpretations of observed absorption regions. 

For the present problem, calculations have been made for the transition 
N — B (and for certain other transitions) using both the AO and the 
LCAO MO approximations.'® These calculations indicate that the 
strength of the transition V — B must be of the order of 50 times that ob- 
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served for the \ 2900 region. This gives strong support to the identification 
of the \ 2900 region with the forbidden transition VN — A. 

On the other hand there exists in the spectra of aldehydes and ketones 
near \ 1800 or A 1900 a region of absorption™ *! which (at least in acetone*’) 
is known to have an intensity of the same order of magnitude as that calcu- 
lated for V — B. It seems probable that the \ 1800 region is actually due 
to the transition NV — B. The assignment of the \ 1800 absorption to a 
transition of the NV — V type, analogous to the intense longest wave-length 
absorption in ethylene, is excluded because the calculated intensity of such 
a transition® is much greater than that observed for the \ 1800 region. 
Further, a theoretical estimate of the position of the V level of »C=0 
indicates that the NV — V transition should lie at shorter wave-lengths in 
saturated aldehydes and ketones than in ethylene and its derivatives. 

One thus concludes that the relatively loosely bound pair of non-bonding 
electrons present in the oxygen atom of the carbonyl group, and not present 
in the ethylenic linkage, is responsible for the existence in saturated alde- 
hydes and ketones of a characteristic absorption region of the carbonyl 
group near \ 2900 and probably a second one near \ 1800. The d 2900 region 
is at much longer wave-lengths than the first absorption of the ethylenic 
linkage. 

If one or more C—O groups are substituted in place of C=C groups in a 
conjugated system of carbon atoms, one or more weak absorption regions 
appear at longer wave-lengths than when no C—O group is present. Thus 
in diacetyl (with two conjugated C—O groups) a weak absorption region is 
found near d 4000 (and a second near \ 2900) while in butadiene (two con- 
jugated C—C groups) the longest wave-length absorption is a strong region 
near ) 2200. The evidence available indicates that this weak absorption 
shifts toward longer wave-lengths as the number of conjugated bonds in- 
creases.”?_ Since conjugation lowers the energy of the first excited xx type of 
MO while not greatly affecting that of the zf type, this shift of the weak 
absorption toward longer wave-lengths constitutes strong evidence that the 
transition is of the N — A and not of the VN — B type in conjugated (and 
also in saturated) aldehydes and ketones. 

In carboxylic acids and esters the absorption corresponding to the \ 2900 
region of the »C=0 group appears at shorter wave-lengths (near ) 2100 in 
acetic acid). Estimates on the relative positions of the normal and lowest 
excited states for these molecules seem to explain this behavior satisfac- 
torily.” 

The chromophoric power of the »C=S group is explainable in the same 
way as that of »C=0; the absorption is here shifted toward even longer 
wave-lengths because the non-bonding pair is more loosely bound in sulphur 
than in oxygen. 

It appears then that the characteristics of Burawoy’s R chromophores 
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can be explained in many cases in terms of transitions of the VW — A type 
discussed above. 


1 Burawoy, A., Jour. Chem. Soc., 1177 (1939). 

2 Burawoy attributes the two types of spectra, respectively, to ‘“K chromophores” 
and “‘R chromophores,”’ which he believes cannot occur in the same molecule. He as- 
sumes the presence of a mixture of electronic isomers when a single substance gives both 
spectra. The quantum-mechanical discussion shows, however, that the same molecule 
can give both types of spectra. 

3 Mulliken, R.S., Jour. Chem. Phys.,'7, 22, 121, 364, 570 (1939). 

4 Sklar and Forster have also explained some of these spectra using the AO method 
of approximation (cf. Férster, T., Zeit. Electrochemie, 45, 548 (1939) for an excellent re- 
view and bibliography). Pauling, L. (these PROCEEDINGS 25, 577 (1939)) has recently ap- 
plied the same method to the K spectra of dyes. The present paper employs the MO 
method of approximation. 

5 These (so-called LCAO) forms are of the type (A, + A.)/(2 + 25S)'/? where A; and 
A, stand for AO’s of the two carbon atoms, and S = f{A,A.dv. In the present connec- 
tion the A may stand for x or else for ¢ (see text). The + signs apply for the bonding 
MO’s xx and tt, the — signs for antibonding MO’s xx and #t. 

6 Pauling, L., The Nature of the Chemical Bond, p. 88, footnote. (Cornell University 
Press (1939).) 

® Actually the longest wave-length region in C,H, and its derivatives contains also a 
Rydberg series transition superposed on the N — V transition discussed here. R. S. 
Mulliken, Jour. Chem. Phys., 7,30 (1939); W.C. Price and W. T. Tutte, Proc. Roy. Soc., 
174A, 212 (1940). In the conjugated polyenes also there are Rydberg transitions, but 
probably all at shorter wave-lengths than the longest wave-length N — V transition. 

7 See Hiickel, Erich, Zeit. Electrochemie, 43, 752, 827 (1937); a general review dis- 
cussing the electronic structure of unsaturated organic molecules. 

8 Eastwood, E., and Snow, C. P., Proc. Roy. Soc., 149A, 434 (1935); Scheibe, G., 
and Frémel, W., Eucken-Wolf Hand- und Jahrbuch der chemischen Physik, 9, Part IV 
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